We establish a theoretical framework for exploring the quantum dynamics of finite ultracold bosonic ensembles based on the Born-Bogoliubov-Green-Kirkwood-Yvon (BBGKY) hierarchy of equations of motion for few-particle reduced density matrices (RDMs). The theory applies to zero as well as low temperatures and is formulated in a highly efficient way by utilizing dynamically optimized single-particle basis states and representing the RDMs in terms of permanents with respect to those. An energy, RDM compatibility and symmetry conserving closure approximation is developed on the basis of a recursively formulated cluster expansion for these finite systems. In order to enforce necessary representability conditions, two novel, minimal-invasive and energy-conserving correction algorithms are proposed, involving the dynamical purification of the solution of the truncated BBGKY hierarchy and the correction of the equations of motion themselves, respectively. For gaining conceptual insights, the impact of two-particle correlations on the dynamical quantum depletion is studied analytically. We apply this theoretical framework to both a tunneling and an interaction-quench scenario. Due to our efficient formulation of the theory, we can reach truncation orders as large as twelve and thereby systematically study the impact of the truncation order on the results. While the short-time dynamics is found to be excellently described with controllable accuracy, significant deviations occur on a longer time-scale in sufficiently far off-equilibrium situations. Theses deviations are accompanied by exponential-like instabilities leading to unphysical results. The phenomenology of these instabilities is investigated in detail and we show that the minimal-invasive correction algorithm of the equation of motion can indeed stabilize the BBGKY hierarchy truncated at the second order.
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I. INTRODUCTION
Solving the full stationary or time-dependent Schrödinger equation for an interacting many-body system is an intriguing task, which is why various theoretical approaches rely on a description based on much fewer, effective degrees of freedom in order to avoid the exponential scaling of complexity with respect to the number of particles. These effective degrees of freedom involve a fictitious single-particle system in the density functional theory [1, 2] , a subsystem consisting of few modes (Wannier functions in a lattice problem) in the large coordinate-number expansion [3] [4] [5] [6] [7] or a subsystem consisting of few particles in Green's function [8, 9] as well as reduced density matrix approaches [10] [11] [12] [13] [14] . Having solved the problem for the effective degrees of freedom, predictions for certain classes of observables can be made without the knowledge of the full manybody wavefunction. Expectation values of arbitrary o-particle operators can be computed from the o-body reduced density operator for instance, implying that e.g. the energy expectation value of the full many-body system can be determined from the reduced two-body density operator alone if only binary interactions are involved [15] . Besides the computational advantage of * skroenke@physnet.uni-hamburg.de † pschmelc@physnet.uni-hamburg.de being potentially size-intensive, these subsystem-based methods constitute natural approaches for investigating e.g. whether and how certain subsystem properties of a closed many-body system thermalize when starting from a non-equilibrium initial state [16] .
On the other hand, the lowest order reduced density matrices constitute a comprehensive analysis tool for characterizing many-body states [17] [18] [19] [20] [21] [22] [23] . This holds in particular for bosonic ultracold quantum gases where intriguing states of quantum matter such as a BoseEinstein condensate or fragmented condensates [18, 19, 21, 22, [24] [25] [26] can be diagnosed by analyzing the onebody reduced density matrix. Due to the immense flexibility and the controllability of essentially all relevant parameters, these systems serve as an ideal platform for systematically studying the impact of correlations on the many-body quantum dynamics in a unprecedented manner [27] [28] [29] . For these systems, an efficient description of the quantum dynamics dealing only with a few effective degrees of freedom is highly desirable since experiments on ultracold ensembles can easily involve several hundred thousands or even millions of atoms. Because few-particle reduced density matrices are very handy for characterizing correlated many-body states, we aim here at a closed theory for the dynamics of these entities in the context of ultracold bosonic systems, i.e. the appropriately truncated quantum version of the Born-BogoliubovGreen-Kirkwood-Yvon (BBGKY) hierarchy of equations of motion [10, [30] [31] [32] [33] [34] .
While exactly solvable systems with analytically known reduced density operators are rare [35] [36] [37] [38] [39] [40] [41] , truncating the BBGKY hierarchy usually involves a closure approximation (see [42] for an exception). For ultracold quantum gases being extremely dilute, a binarycollision closure approximation, neglecting three-particle correlations, is expected to be very suitable [43, 44] . The latter can be extended to higher-order correlations by means of a cluster expansion [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] , and by using the particle-hole duality or a Green's function method [55] [56] [57] [58] . The Bogoliubov backaction method [59] [60] [61] [62] [63] [64] as well as non-commuting cumulants [65, 66] constitute alternative but conceptually similar approaches. Recently, novel approaches using semi-classical correlations [67] or solving a time-dependent variational optimization problem [68] have been pursued. At this point, it shall be noted that while there are numerous theoretical works on the BBGKY hierarchy and its truncation, the literature on the accuracy and numerical stability of this approach in dependence on the truncation order by explicit simulations is limited to the best of our knowledge [67] [68] [69] [70] [71] [72] [73] . The comprehensive study [69] unravels that instabilities as a consequence of the non-linear closure approximation can occur and lead to unphysical states, i.e. reduced density matrices that are not representable. In the context of electronic dynamics in atomic and molecular systems subjected to strong laser pulses, significant progress has been made by enforcing compatibility to lower-order reduced density matrices and stabilizing the truncated BBGKY equations of motion by a dynamical purification of their solution [72, 73] .
Since most studies deal with fermions (for bosons, see [50] [51] [52] as well the BBGKY-related approaches [59] [60] [61] [62] [63] [64] [65] [66] ) and are based on the truncation of the BBGKY hierarchy after the second order, this work aims at a highly efficient formulation of the BBGKY such that it can be truncated at high orders by a closure approximation tailored to ultracold bosonic systems featuring a fixed number of atoms.
Our starting-point here is an efficient representation of the few-particle reduced density operators by tracing out particles from the variational ansatz for the full many-body wavefunction of the established Multi-Configuration Time-Dependent Hartree method for Bosons (MCTDHB) [74] (Section II). Similarly to the fermionic case [72, 73] , we thereby employ an efficient, dynamically optimized single-particle basis. Representing the reduced density operators in terms of bosonic number states with respect to this time-dependent singleparticle basis, we derive the truncated BBGKY hierarchy of equations of motion (EOM) from the MCTDHB EOM and provide a compact formulation of the result in the second-quantization picture (Section III). The properties of theses equations are carefully discussed, their validity at also low but finite temperatures proven and a technically as well as conceptually useful spectral representation is provided. Thereafter, we discuss requirements on the truncation approximation for fulfilling certain conservation laws and introduce a compatible cluster expansion for bosonic systems with a fixed number of atoms, where an appropriate normalization of the reduced density operators and symmetrization operators is essential (Section IV). This cluster expansion is formulated in a recursive way, which allows for going to truncation orders as large as twelve in our numerical simulations. In addition, we provide conceptual insights into the role of two-body correlations for dynamical quantum depletion and fragmentation. Since the truncation scheme does not ensure that important necessary representability conditions such as the positive semi-definiteness of the reduced density matrices are fulfilled in the course of the time-evolution, two novel, minimal invasive and energy-conserving correction schemes are developed, aiming at a dynamical purification of the solution of the truncated BBGKY EOM and at a correction of the EOM themselves, respectively (Section V).
Thereafter, we apply this methodological framework to two examples. The first scenario is concerned with the tunneling dynamics of bosonic atoms in a doublewell potential. Treating the system in the tight-binding approximation allows us to go to large truncation orders without the need of dynamically optimizing the singleparticle basis via the corresponding MCTDHB EOM. Thereby, we probe solely effects stemming from the truncation of the BBGKY hierarchy. Here, we find the shorttime dynamics to be excellently described by the truncated BBGKY hierarchy and the accuracy to increase monotonously with increasing truncation order. For longer times, strong deviations are observed, which are linked to high-order correlations becoming dominant as well as exponential instabilities of the truncated BBGKY EOM resulting in unphysical solutions. The phenomenology of these instabilities is analyzed in detail and we show that the minimal-invasive correction scheme for the BBGKY EOM truncated at the second order can stabilize these EOM indeed.
In the second scenario, we consider a harmonically trapped bosonic ensemble subjected to an interaction quench. Here, we solve the full system of coupled EOM for the reduced density matrices and the dynamically optimized single-particle basis. For low excitation energies, we find the system to be highly accurately described by the truncated BBGKY approach. For higher excitation energies, however, exponential instabilities again occur. Also in this case, we can stabilize the BBGKY EOM truncated at the second order by our EOM correction scheme and obtain reasonably accurate results for longer times. Finally, we conclude and provide our perspectives in Section VII.
II. SETTING AND FORMAL FRAMEWORK
In the following, we first specify the general physical setting for which we aim to develop a theoretical description. Thereafter, we describe how the state of the whole many-body system is efficiently represented by means of a dynamically adapted, truncated single-particle basis. Our ultimate goal, however, is not to theoretically describe the dynamics of the complete many-body system but to find an effective description for the dynamics of few-particle subsystems. Here, an efficient representation of such subsystem states is crucial, which we derive from the efficient representation of the total system state.
A. Physical setting
In this work, we are interested in effectively describing the non-equilibrium quantum dynamics of N identical bosons governed by the HamiltonianĤ = N κ=1ĥ κ + κ<κ v κκ . Here,ĥ κ denotes the one-body Hamiltonian acting on the particle κ, which typically consists of kinetic and external trapping potential contributions, and v κκ refers to the binary interaction potential between the particle κ and κ , an example of which is the contact potentialv 12 ∝ δ(x (1) −x (2) ) in the context of s-wave scattering ultracold atoms [27] . In what follows, all terms of the Hamiltonian may be explicitly time-dependent and for simplicity we mainly focus on the zero-temperature case while commenting on the validity of the resulting theory for low but finite temperatures in Section III B 1. Although we are in the end interested in effectively describing the dynamics of few-particle sub-systems, we nevertheless have to first describe how the total system state is represented, i.e. the many-body wavefunction in the mainly considered zero-temperature case.
B. Representation of the many-body wavefunction
Instead of relying on some fixed a-priori basis as commonly pursued, we employ the wavefunction representation of the Multi-Configuration Time-Dependent Hartree method for Bosons (MCTDHB) [74] . Here, the central idea is to use m time-dependent, dynamically optimized single-particle functions (SPFs), |ϕ i (t) with i = 1, ..., m, as a truncated single-particle basis. By considering all bosonic number-states |n 1 , ..., n m t with the SPFs as the underlying single-particle states and its occupation numbers summing up to the total number of particles, m r=1 n r = N , a time-dependent many-body basis is constructed, with respect to which the many-body wavefunction is expanded
Here, n = (n 1 , ..., n m ) abbreviates a vector of occupation numbers and the summation is restricted to all n with m r=1 n r = N , which we indicate by the symbol |N . Using a variational principle, equations of motion (EOM) can be derived for both the expansion coefficients A n (t) and the SPFs |ϕ i (t) [74] . These EOM, which we explicate in Section III A, ensure that the SPFs move in an optimal manner such that the number of SPFs m, i.e. the numerical control parameter by increasing of which convergence can be achieved, can be drastically reduced compared to the case of a time-independent singleparticle basis. In particular, m may often be chosen to be much smaller than the number of time-independent basis states (i.e. grid points) with respect to which the SPFs |ϕ i (t) are represented. Nevertheless, the number of terms in the full configuration-interaction expansion (1) , which increases drastically with an increasing number of bosons N . Even if convergence can be achieved with m N , which is often the operating regime of MCTDHB, we have the scaling C N m ∼ N m−1 /(m − 1)!, which is not exponential in N but prevents going to huge systems of N = O (10 6 ) particles (unless m = 2). In the following, we omit the timedependence of all entities in our notation and stress that all number states |n are always given with respect to the time-dependent SPF basis |ϕ i unless stated otherwise.
C. Representation of reduced density operators
Instead of describing the complete N -body system in terms of the wavefunction |Ψ t being expanded according to (1), we are concerned with the state of an o-particle subsystem, o < N , given by the o-body reduced density matrix
Hereâ i (â † i ) denotes the time-dependent bosonic annihilation (creation) operator corresponding to the ith time-dependent SPF, |ϕ i , and obeying the canonical commutation relations
Since we aim at a closed theory for the states of fewparticle subsystems taking o-particle correlations systematically into account up to high orders o, an efficient representation of RDMs is vital. Starting with the abstract density operator of o-th orderD o = i1,...,jo D o (i1,...,io),(j1,...,jo) |ϕ i1 ...ϕ io ϕ j1 ...ϕ jo | and using the bosonic symmetry, manifesting itself in an invariance of (2) under permutations of the first (last) o indices, we may expand the o-RDM with respect to SPF-based, bosonic o-particle number-stateŝ
We use the probabilistic normalization tr(ρ o ) = 1 in this work, meaningρ o =D o (N − o)!/N !, which turns out to be crucial for the definition of few-particle correlations for finite bosonic systems in Section IV.
As a matter of fact, the representation (3) of RDMs is beneficial in a three-fold manner: (i) Employing m dynamically adapted SPFs as the underlying single-particle basis can drastically reduce the necessary number of basis states for convergence [75] . (ii) Exploiting the bosonic symmetry strongly reduces the number of complex coefficients needed for representing an o-RDM, namely from m 2o for (2) to (C o m ) 2 (if one does not make use of the hermiticity). In Fig. 1 , we show the number of coefficients in dependence on o and m, showing clearly that we may effectively represent RDMs of relatively high order with Eq. (3) in contrast to Eq. (2). We note that the depicted range of m is highly relevant for practical applications since for not too strong correlations in the system, few (optimized) SPFs are often enough to properly capture the relevant physical processes due to the bosonic bunching-tendency [76] [77] [78] . (iii) Explicitly using bosonic number states as the many-body basis for expanding RDMs is very convenient for analytical manipulations and leads to equations of motion in a compact second-quantization representation, which is highly suitable for programming.
Having discussed an efficient representation of RDMs, we also have to consider how to efficiently perform operations on them. The super-operators that are crucial for this work cover the partial trace tr 1 (·), which maps a bosonic o-body operator to an (o − 1)-body operator, a raising operationR 1 (·), which maps an o-body to an (o + 1)-body operator, and a joining operationĴ o2 o1 (·, ·), which maps an o 1 -and o 2 -body operator to an (o 1 + o 2 )-body operator. In Appendices A and B, we introduce these operations and discuss their efficient application to e.g. RDMs being represented as (3) . Using the formulas provided in these Appendices, one can easily see that the o-RDM (3) stems from integrating out (N − o) degrees of freedom from the N -RDM, i.e. the total system statê ρ N = |Ψ t Ψ t |, meaningρ o = tr N −o (ρ N ), which implies the compatibility tr 1 (ρ o+1 ) =ρ o of the RDMs. 
III. EQUATIONS OF MOTION
Instead of starting with the time-dependent Schrödinger equation for deriving the EOM for the RDMs, we take the MCTDHB EOM of [74] for the wavefunction ansatz (1) as our starting point (see also [72] for the fermionic case). Thereby, we tacitly assume that the considered number m of dynamically optimized SPFs in the MCTDHB ansatz (1) is sufficient for obtaining converged results of desired accuracy up to some time t f of interest. At the same time, our starting-point also covers the case of the Schrödinger equation in the limiting case m → ∞. After briefly reviewing the MCTDHB EOM and their properties in Section III A, we present the corresponding hierarchy of EOM for the RDMs derived from the wavefunction ansatz (1) in Section III B and discuss equivalent representations in Section III C. By means of the latter, we draw important conclusions about the role of few-particle correlations for the dynamics in Section IV, where truncation approximations for the hierarchy of EOM are discussed.
A. MCTDHB equations of motion
The EOM of the MCTDHB theory [74] can be derived by applying the Lagrangian variational principle to the wavefunction ansatz (1) , which ensures that the SPFs are dynamically adapted in a variationally optimal manner. As a result, one obtains a family of equivalent EOM, whose members are specified by fixing the gauge ϕ j (t)|i∂ t |ϕ k (t) = g jk (t) with an arbitrary, possibly time-dependent hermitian m × m matrix g jk , the so-called constraint operator [75] . For a given gauge g jk , the expansion coefficients obey a Schrödinger equation with a time-dependent Hamiltonian matrix because of the employed time-dependent many-body basis (setting = 1)
We stress here again that all time dependencies are suppressed in the notation. Correspondingly, the dynamics of the SPFs is governed by the following non-linear integro-differential equations
|ϕ i ϕ i | projects onto the subspace spanned by the instantaneous SPFs. Besides the constraint operator, both the singleparticle Hamiltonianĥ ≡ĥ 1 and the coupling to the "other" (N − 1) bosons via the mean-field operator ma-
(the super-script (2) denotes a particle label) drive the time-evolution of the SPFs. We remark that despite of the naming "mean-field operator matrix" no mean-field approximation is involved (except for the limiting case m = 1). The matrix [ρ −1 1 ] rl refers to the inverse of the regularized 2 1-RDM in SPF representation. As we expand also the 2-RDM with respect to two-particle number states, we attain the additional factors f ij ≡ (1 + δ ij )/2 as compared to [74] . Moreover, the occupation-number vectors like e q , which occur in the indices of the 2-RDM, describe a state where one boson resides in the qth SPFs and all other SPFs are unoccupied. Thereby, e q + e p refers to a two-particle state with one boson residing in the qth and one boson residing in the pth SPF. We note that the density matrices entering the MCTDH(B) EOM in the literature [74, 75] are the transposed of the RDM definition in this work, for which we have decided since it allows for evaluating expectation values of few-body operators in the usual manner, namely as the trace over the observable times the corresponding RDM, e.g. N κ=1ĥ κ = N tr(ĥρ 1 ). The solutions to Eq. (4), (5) for different gauges actually correspond to the same solution for the total wavefunction (1) sinceĝ in Eq. (5) only induces a unitary transformation within the subspace spanned by the instantaneous SPFs, which is compensated by a correspond unitary transformation of the coefficients A n induced by the g jk term in Eq. (4) [74, 75] . For any number of SPFs m, the MCTDHB EOM were shown to obey norm as well as energy 3 conservation [74, 75] and to respect single-particle symmetries such as a parity symmetry if existent [81] . Finally, we remark that MCTDHB covers both Gross-Pitaevskii mean-field theory for fully BoseEinstein condensed systems (given contact interaction) in the case of m = 1 and the exact Schrödinger equation 4 in the formal limit m → ∞ whereP becomes the identity.
B. BBGKY equations of motion
There are at least three ways how the EOM of the RDMs can be derived from the MCTDHB theory. (i) Since the elements of the o-RDMρ o n,m only depend explicitly on the expansion coefficients A n (and not on the SPFs), one may differentiate Eq. (3) with respect to time and use the EOM (4). (ii) One could also take the timederivative of |Ψ t Ψ t | using both Eq. (4) and (5), then trace out (N −o) particles via Eq. (B5) and finally project onto o-particle number-states from the left and right. (iii) Instead of MCTDHB, one can equivalently start with the corresponding MCTDH EOM [75] such that individual particles are addressable via artificial labels. Thereby, one can directly apply the standard derivation of the BBGKY EOM (see e.g. [10] ) and successively trace out particles in the von-Neumann like EOM for the N -RDM elements. After translating this first-quantization result to the second-quantization picture, one obtains the following EOM for the o-RDM
Here, the von-Neumann like term [Ĥ,ρ o ] with the Hamiltoniañ
and h ij ≡ ϕ i |ĥ|ϕ j , v ijqp ≡ ϕ i ϕ j |v 12 |ϕ q ϕ p , describes the unitary evolution of the o-particle subsystem in the stateρ o and accounts for all interactions within this subsystem. Interactions with the sub-system's environment consisting of (N −o) particles, however, render the overall dynamics non-unitary in general, which becomes manifest in the inhomogeneity of the EOM (6), the so-called collision integral
coupling the dynamics ofρ o toρ o+1 . Since this secondquantization formulation of the collision integral might appear less familiar compared to e.g. [10] , let us reformulate the above expression. Using the mixed first and second quantization representation of Appendix B [see formula (B2)] and the representation (3), one eas-
, which may loosely be interpreted as the "state" of the o-particle subsystem conditioned on the |ϕ i ↔ |ϕ j transition of a further particle. By employing the mean-field operator matrix [v] (κ) ji
qâp into the first-quantization picture in the o-particle sector, namely to o κ=1P
where the mean-field operator matrix and the projector act on the particle κ as indicated by the superscript index. Putting both ingredients together, we obtain a more familiar representation
where the partial trace effectively runs over the SPFs only. The latter representation directly shows that the collision integral describes the interaction of any particle of the considered o-particle subsystem with one particle of its environment. Next, we briefly comment on some properties of the EOM.
Properties
Solved together with the EOM for the SPFs (5), the complete hierarchy of RDM EOM (6) (with o = 1, ..., N ) is equivalent to MCTDHB, of course, and thereby inherits all properties such as gauge invariance, norm, energy and, if existent, single-particle symmetry conservation. In particular, the solution of the complete hierarchy corresponds to an exact solution of the many-body Schrödinger equation for m → ∞. Trivially, the RDM EOM respect the compatibility of the RDMs by construction, meaning ∂ t ρ o n,m = n|tr 1 (∂ tρo+1 )|m . Although the above EOM are derived from MCTDHB and the RDMs are represented with respect to a dynamically optimized basis, the EOM for the matrix elements ρ o n,m are formally identical to the BBGKY EOM derived from the time-dependent Schrödinger equation [10] , which one can see by using the representation (9) for the collision integral and translating the Hamiltonian (7) into the firstquantization picture for the o-particle sector. This is due to the fact that the elements ρ o n,m depend only on the expansion coefficients A n (see Eq. (3)), which obey a linear Schrödinger-like equation (4) . Moreover, in the limit m → ∞ and the gauge g ij = 0, the above equations exactly coincide with the BBGKY hierarchy of EOM represented in some time-independent basis (see e.g. [10] ). In the opposite limit m = 1, where all bosons are forced to reside in the same SPF, the time-derivative of the RDM elements vanishes and the dynamics is solely governed by Eq. (5), which becomes equivalent to the Gross-Pitaevskii mean-field equation for the case of contact interaction [74] .
Since the BBGKY EOM derived from MCTDHB are formally identical to the BBGKY EOM stemming from the von-Neumann equation, the question of their validity at finite temperatures boils down to the question of whether Eq. (5) results in an optimal dynamics for the SPFs in this case. By purifying the N -RDM (see also [82] ), we show in Appendix C in which sense Eq. (5) ensures optimality of the SPFs also for arbitrary mixed initial statesρ N (0) of the total N -particle system, given that the N -particle dynamics is unitary. Thereby, the above equations can safely be applied also to the case of low temperatures as long as one can computationally account for sufficiently many SPFs to resolve all significantly populated single-particle states. Otherwise, one would have to combine the BBGKY approach with some suitable Monte-Carlo sampling technique, which, however, goes far beyond the scope and aims of this work.
In order to use the above BBGKY EOM for simulating the quantum dynamics of systems which are too large for a MCTDHB calculation, one needs to truncate the hierarchy of EOM at a certain orderō and approximate the unknown collision integralÎō[ρō +1 ]. This closure approximation may therefore be regarded as an additional approximation to the MCTDHB theory in the case of a finite number of SPFs m. If successful, the total particlenumber N would directly 5 enter the resulting theory only as a prefactor of the collision integral (8) . While truncation schemes are discussed in Section IV, we provide in the following comments on (i) how to find an appropriate initial state for the o-RDM with o = 1, ...,ō (Section III B 2) and (ii) different representations of the BBGKY hierarchy (Section III C).
Initial-state calculation
In the following, let us assume that we have already truncated the BBGKY at the orderō by means of an appropriate closure approximation (see Section IV) and discuss different approaches for determining the initial RDMs [ρ 1 (t = 0), ...,ρō(t = 0)].
First, if the system is initially fully condensed or in a non-interacting thermal state, the initial o-RDM can be stated (semi-)analytically for arbitrary orders, given that the occupied single particle state(s) are known.
Second, if, however, correlations do play a role initially, e.g. if the system is initially in the correlated ground-state of some reference HamiltonianĤ 0 , numerical methods such as MCTDHB with imaginary time propagation or improved relaxation [83] can be employed. Due to the closure approximation, however, the resulting o-RDM cease to be an exact stationary point of the EOM (6) (withĤ replaced by the reference HamiltonianĤ 0 ). In such a situation, the initial RDMs can be improved by propagating the RDM EOM (6) with fixed SPFs andĤ still replaced by the reference HamiltonianĤ 0 for some time and performing a time-average over the solution as done in [73] .
Third, one may alternatively take some initial guess forρ o (t = 0) with o = 1, ...,ō, obtained e.g. from an accurate MCTDHB calculation or, if infeasible, a rough one taking too few SPFs into account 6 , and aim at finding a fixed point of the EOM (5), (6) , whereĤ is again replaced by the reference HamiltonianĤ 0 . The MCTDHB EOM (4) in negative imaginary time leads to the following trace-conserving EOM for the N -RDM ∂ τ ρ N n,m = n|{tr(Ĥ 0ρN ) −Ĥ 0 ,ρ N }|m with {·, ·} denoting the anti-commutator. Given a gapped reference HamiltonianĤ 0 , the latter EOM exponentially contracts all initial states with E 0 |ρ N (0)|E 0 = 0 to a state proportional to the projector onto the (approximate) ground state 7 |E 0 . Taking partial traces of the above equation for the Nparticle density operator, however, appears cumbersome to us. Instead, we find it technically more convenient to directly differentiate the RDMs with respect to (negative imaginary) time and perform manipulations similarly to the derivation of contracted Schrödinger equations [12, 13, 56, 58] . In Appendix D, we explicate this derivation for the 1-RDM. As in the case of contracted Schrödinger equations, one finds that the EOM for the o-RDM couples to both the order o + 1 and o + 2, which can be traced back to the N -RDM EOM featuring an anti-commutator instead of the commutator occurring for real-time dynamics. With the help of an appropriate truncation approximation (see Section IV), one can then relax an initial guess for the o-RDM to the (approximate) ground-state o-RDM. It would be very interesting to compare the performance of these EOM, which includes also an adaptive single-particle basis, to the conventional contracted Schrödinger equation approach [12, 13, 56, 58] and its anti-hermitian variant [84] (which could also used for calculating the initial o-RDM, of course). Since we, however, focus on the properties of the 6 In order to perform the subsequent calculations accurately, one has to add further, e.g. randomly chosen SPFs and embed the given o-RDM with smaller m into an o-RDM with larger m such that those additional SPFs are unoccupied. 7 For a degenerate ground state, the asymptotic solution is proportional toρ N (0) projected from the left and right onto the ground-state manifold.
(truncated) BBGKY equations (5), (6) for many-body dynamics here, only situations with analytically known initial states are considered in the applications of Section VI.
C. Special representations of the BBGKY equations of motion
Before discussing truncation approximations in Section IV, we briefly inspect selected equivalent representations of the BBGKY EOM (5), (6) here, which turns out to be useful for both computational purposes and conceptional insights.
Single-particle Hamiltonian gauge
While any chosen gauge g ij leads to the same solution for the o-RDMρ o as argued before, we empirically found that the single-particle Hamiltonian gauge g ij = h ij is numerically more favorable for integrating the EOM (see also [75] for a similar observation for MCTDH). We suspect the following mechanism being responsible for this effect. The commutator [Ĥ,ρ o ], expressed in the eigenbasis ofĤ, results in terms being proportional to the difference of two eigenenergies in the EOM (6), which might lead to stiff equations and small integrator timesteps. In the above gauge, however, the single-particle terms are removed from the Hamiltonian (7) such that the impact of these energy differences is reduced. Possibly, one might boost the integration further by incorporating also a fraction of the interaction energy into the constraint operator in an appropriate mean-field sense.
Natural-orbital gauge
Conceptional insights into the role of correlations can be gained by spectrally decomposing the o-RDM [17] . For ultracold bosonic systems, the dynamics of the 1-RDM NPs is of particular interest for diagnosing quantum depletion and fragmentation into several Bose-Einstein condensates [18, 22, 25] . In the context of the MCTDH theory, it is well-known that one can enforce the SPFs to coincide with the 1-RDM NO given that this coincidence is also ensured initially [75, 85, 86] by an appropriate choice of the constraint operator, which reads 9 for indistinguishable particles and two-body interactions
Thereby, one finds that the 1-RDM NP dynamics is driven by the collision integral
and the corresponding NOs obey
where the mean-field operator matrix [v] sp has to be evaluated with respect to the NO basis. Before we proceed, some comments are in order here. (i) The EOM (12), (13) turn into the exact EOM for the 1-RDM NPs and NOs [42, [87] [88] [89] [90] [91] in the limit m → ∞ where the last term in (13) vanishes. For a truncation of the single-particle basis to some finite m, the above EOM describe the variationally optimal dynamics of the NOs (see also [92] ).
(ii) The reciprocal eigenvalue 1/λ
(1) r in (13) has to be regularized as usual (see footnote 2). (iii) In the case of NP degeneracies, both the constraint operator (11) and the NO EOM (13) can become undefined due to the ambiguity of the NOs within the degenerate subspace(s). One can cope with this issue by setting the g ij to zero if λ [75] . Alternatively, a Taylor expansion of ρ 1 (t + ∆t) up to second order in ∆t as performed in [79] should lift the ambiguity in many cases. In any case, initially non-degenerate NPs typically repel each other during the dynamics according to the Wigner-von-Neumann non-crossing rule [93] with the time t as the only "external" parameter, unless symmetries lead to non-incidental crossings [94] . Due to these technical subtleties, we do not employ the natural-orbital gauge for simulations but only for analytical insights into the essential features of the 2-RDM which actually drive the NP dynamics according to Eq. (12) (see Section IV C).
Spectral representation on all orders
While the constraint operator can only be used for deriving the spectral representation at the order o = 1, one 9 We note that the real-valued diagonal elements g ii may be chosen arbitrarily.
may proceed for orders o > 1 by inserting the representation (10) into the EOM (6) and projecting the result onto NOs (see [42, [88] [89] [90] [91] for the application of this strategy to the order o = 1). The result of this calculation is similar to Eq. (12) and the first line of Eq. (13), and reads
where φ o r;n ≡ n|φ o r . So again, only the collision integral drives the non-unitary dynamics of the o-RDM NPs, as expected. We note that the EOM (14) will be the starting-point for our construction of a novel correction algorithm for the truncated BBGKY EOM, which nonperturbatively enforces necessary representability conditions such as the positive semi-definiteness (see Section V B 2).
IV. TRUNCATION APPROXIMATION AND THE ROLE OF CORRELATIONS
Having discussed the BBGKY hierarchy of EOM stemming from the MCTDHB theory without further approximations, we investigate closure approximations for truncating the hierarchy at orderō here. This is to impose further approximations to the MCTDHB theory. While one effectively has to find an approximation for the unknown collision integralÎō only, we pursue here the standard path of approximating the unknown (ō+1) RDM bŷ ρ appr o+1 such that we obtain for the approximate collision integralÎ appr o =Îō(ρ appr o+1 ). The general strategy in the following is to appropriately decompose the o-RDM into a part which can be constructed from lower order RDMs and a rest, which defines o-particle correlations. Then, the truncation approximation consists in neglecting the thereby defined (ō + 1) correlations. Such an approach is expected to be appropriate for weak and intermediate interaction strengths, e.g. for studying the emergence of correlations on top of a Bose-Einstein condensate or fragmented condensates.
In the following, we first discuss requirements on such a closure approximation, which have to be fulfilled for respecting important conservation laws (Section IV A). Then, different cluster-expansion schemes and thereby different definitions of few-particle correlations are critically discussed in Section IV B. After these rather technical considerations, we conceptually analyze the role of two-particle correlations for the dynamics of 1-RDM natural populations, i.e. for dynamical quantum depletion or fragmentation of a bosonic ensemble (Section IV C).
A. Truncation approximation and conservation laws
While the bosonic symmetry is explicitly incorporated in our formal framework and thus trivially conserved, other symmetries and conservation laws are only obeyed by the truncated BBGKY EOM (5), (6) if the closure approximationρ appr o+1 fulfills certain conditions. For analyzing these requirements, we partly follow the lines of [10] and [69] while taking the time-dependence of the SPFs into account, whenever necessary.
First of all, the traces of the RDMs are conserved for any truncation approximationρ appr o+1 due to the commutator structure of the EOM (6). Second, any hermitian closure approximationρ appr o+1 results in the conservation of hermiticity of the o-RDMs, again by virtue of the commutator structure of their EOM. Third, the conservation of compatibility can be studied by inspecting
As in the case of the BBGKY hierarchy represented in some time-independent basis, the compatibility of the closure approximation, tr 1 (ρ appr o+1 ) =ρō for all times, constitutes a sufficient condition for the conservation of compatibility of all lower order RDMs, given that these RDMs are compatible at the initial time of the propagation.
Fourth, we discuss energy conservation in the sense of
where the partial derivative on the right hand side relates to a potential explicit time dependence of the HamiltonianĤ. Focusing on truncation ordersō ≥ 2, one obtains the same results for the EOM (5), (6) as found for the BBGKY EOM being represented in a time-independent basis [69] . Namely, if the total energy expectation value of the system is calculated as
then energy conservation is ensured by the bosonic symmetry of the RDMs, independently of the chosen truncation approximation. If, however, one alternatively computes the energy expection value as Ĥ t = N tr(k 2ρ2 ) with the auxiliary 2-particle
, then energy conservation requires the truncation approximation to respect the compatibility requirement. Fifth, single-particle symmetries are conserved as long as the truncation approximation respects this symmetry, which means the following. Letπ κ denote a symmetry operation (e.g. parity transformation or translation) acting on the κth particle andΠ n = n κ=1π κ the corresponding symmetry operation acting on n particles. Furthermore, we consider a Hamiltonian featuring this symmetry, i.e. [Π N ,Ĥ] = 0, and assume an initial state of definite symmetry. By transferring the line of arguments of [81] to the current situation, one can show that the truncated EOM (5), (6) Sixth, one can show that the g ij gauge invariance of the EOM (5), (6) remains untouched under truncation if the truncation approximationρ appr o+1 (t) transforms as a bosonic (ō+1)-RDM under unitary transformation of the single-particle basis. When discussing the construction of compatible cluster expansions in Sections IV B 2 and IV B 3, this transformation behavior turns out to be a subtlety which has to be carefully analyzed.
Finally, we refer the reader to [95] for a comprehensive discussion of the impact of closure approximations on the time-reversal invariance of the BBGKY hierarchy.
B. Cluster expansions for finite bosonic systems
In the following, we first review the so-called cluster expansion for indistinguishable but spinless particles (Section IV B 1) and analyze its symmetrized variant for bosons (Section IV B 2). When critically inspecting the resulting definition of few-particle correlations, also in comparison to the corresponding cluster expansion for fermions, we pinpoint an issue concerning size-extensitivity being related to a particularity of the bosonic symmetrization operator. For this reason, we briefly touch upon an alternative cluster expansion, being outlined in more detailed and critically discussed in Appendix E. Eventually, we arrive at a compatible, recursively formulated cluster expansion for bosons, which allows for going to large truncation orders (Section IV B 3). It is this cluster expansion which we employ in the applications of Section VI.
Cluster expansion for indistinguishable spinless particles
Following e.g. [10] , the cluster expansion for a system of indistinguishable but spinless particles readŝ
etc. Here, the super-index in e.g.ρ (κ) 1 indicates onto which particle the respective operator shall act. The occurring terms in this cluster expansion have an intuitive interpretation: e.g.ĉ (1, 2) 2ρ (3) 1 describes the situation in which the first two particles are correlated while the third one constitutes an independent "spectator". Let us now briefly summarize the properties of this expansion and the resulting closure approximation: (i) Given a compatible family of RDMsρ
, it is straightforward to see that all cluster operators are contraction-free, i.e. tr 1 (ĉ (1,...,o) o ) = 0. This implies that the truncation approximation of settingĉ
to zero is compatible so that the truncated BBGKY EOM would conserve the compatibility of the RDMs. (ii) It is moreover easy to see that the above expansion is even termwise compatible, meaning that for each class of terms on the right hand side of order (o + 1) (indicated by square brackets), there exists a corresponding class of terms at order o that constitutes its partial trace, e.g.
if the partial trace is taken over the "third" particle. (iii) Given that the RDMs are invariant under the symmetry operationΠ
(κ) whereπ denotes a single-
one can show by induction that also the clusters (and thus also the reconstruction functional at order (ō + 1)) features this symmetry [Π
While the clusters and therefore the corresponding reconstruction functional do not single out any particle, meaninĝ P πĉ
for any permutation π ∈ S(o) andP π denoting the corresponding particle-permutation operator, they lack bosonic symmetry, i.e.P πĉ
in general. Thus, projecting onto the bosonic sector is in order here (see [10] and references therein for a more detailed line of argument), which is discussed in the following Section.
Symmetrization of the cluster expansion for indistinguishable bosons
Since the clusters as defined in Eq. (18) commute with the respective particle-transposition operators, it is sufficient to apply the respective symmetrization operator
(2) 1ρ
etc. Apparently, the number of terms in this expansion increases rapidly with increasing order. While we provide a recursive scheme for efficiently evaluating clusters of high order in Section IV B 3, we address here the following more fundamental problems and the corresponding properties of the above cluster expansion: (i) ideal BECs of fixed particle number as correlation-free reference states, (ii) compatibility, (iii) invariance under symmetries and (iv) size-extensitivity. Finally, we briefly comment on differences to the corresponding cluster expansion for fermions.
First, it is natural to require that a correlation measure shall not testify correlations if the N -particle system is fully condensed, i.e. if the system is in a Gross-Pitaevskii mean-field state |Ψ = ⊗ N j=1 |φ with the condensate wavefunction |φ . Here, we show that this is indeed the case for the clustersĉ o defined by (19) . Obviously, the 1-RDM of such a BEC readsρ 1 = |φ φ|. Evaluating the first class of terms on the right-hand-side of Eq. (19), we find at order o that (ρ and trace-one RDMs in the expansion (19) . This is namely in contrast to most other works which typically use D o (i1,...,io),(j1,...,jo) (featuring trace N !/(N − o)!) as RDMs and o!Ŝ o as the symmetrization operator for the cluster expansion, which is then also called cumulant expansion 10 [10, 12, 13] . While the cumulant expansion is perfectly suitable for systems with vanishing chemical potential, e.g. photons [48] , it testifies non-vanishing correlations on all orders for an ideal BEC with a fixed number N of atoms, even if N becomes large [50] . Thereby, this approach is not suitable for systematically taking correlations into account on top of a BEC. In numerical experiments, we have indeed observed that the truncated BBGKY EOM become almost immediately exponentially instable and give wrong results if the cumulant expansion is used for the truncation (data not shown). To cure this flaw, we employ the trace-one RDM and the idempotent symmetrization operator for the cluster expansion in this work. In passing, we note that recently also an alternative solution to this problem based on a non-unitary transformation into the so-called excitation picture of a BEC has been developed [50] [51] [52] .
Second, in order to conserve the compatibility of the initial RDMs, a cluster expansion should ideally respect compatibility, i.e. its clusters should be contraction-free. In contrast to the case of identical but spinless particles (Section IV B 1), however, neither is the expansion (19) termwise compatible nor are the thereby defined clusters contraction-free in general. This can be easily seen by inspecting the second order, for which a straightforward calculation gives tr 1 (ĉ 2 ) = (ρ 1 −ρ 2 1 )/2 (see also [46] ). Thus, the partial trace ofĉ 2 vanishes only ifρ 1 is idempotent, which is equivalent to the total system being in a 10 The cumulants can be calculated as derivatives of the generating function ξ({αr}, {α * r }) = ln( exp( r αrâ † r ) exp(− r α * râr ) ) with respect to α i and α * j and setting all α's to zero (see e.g. [13] ).
Gross-Pitaevskii mean-field state where all clusters vanish anyway (see also [34] ). In Section IV B 3, we restore the compatibility of the cluster expansion (19) by means of a unitarily invariant decomposition of the cluster.
Third, as in the case of indistinguishable spinless particles, the clustersĉ o defined by Eq. (19) commute with the symmetry operatorΠ o given that the state of the total system features such a symmetry. This is an immediate consequence of
Fourth, a cluster expansion should ideally be sizeextensive in the sense that it does not testify correlations between two subsystems which feature no modeentanglement between each other. Even in the absence of mode-entanglement, the bosonic particle-exchange symmetry does in general induce correlations between particles, which should be appropriately described by our methodological approach, of course. Such correlations should, however, be excluded from the correlation definition, on which a cluster expansion is based, so that higher order clusters can be neglected without impeding physical mechanisms that are induced by such bosonicsymmetry induced correlations. Here, we relax this requirement and only demand that a system consisting of two independent ideal BECs, i.e. the simplest case of a two-fold fragmented condensate, shall not featureĉ o correlations. While a single BEC is correlation-free as discussed above, the cluster expansion (19) unfortunately diagnoses correlations between these two independent BECs, which can be seen as follows. Suppose that N A/B atoms reside in the condensate wavefunction |φ A/B such that the total system state reads |Ψ = |N A , N B . A straightforward calculation shows that two-particle correlationsĉ 2 are present in this case, even in the infinite particle limit N = N A + N B → ∞ with λ = N A /N kept constant where one obtains the following expression
with |φ
So the correlation measureĉ 2 testifies correlations between the two independent condensates, which stem solely from the bosonic particle-exchange symmetry.
In order to approximately cure this flaw of lacking size-extensitivity, we have explored the construction of an alternative bosonic cluster expansion, which we, however, discard in the end due to a mathematical subtlety. Let us nevertheless briefly report on the concepts as well as pitfall here. Inspired by [96] , the central idea is to modify the different classes of terms of the expansion (19) such that termwise compatibility is ensured and socalled multi-orbital mean-field states [97, 98] possess vanishingly small correlations. The latter means that there are an occupation-number vector k and single-particle basis states such that the total wavefunction can be represented by a single permanent |Ψ = |k . The second order of this alternative cluster expansion has been discussed in [99, 100] as well as applied for an in-depth analysis of quantum many-body dynamics far-off equilibrium [100] . In Appendix E, we exemplarily outline the construction of this expansion. Unfortunately, however, it turns out that the thereby defined cluster operators may depend on the choice of the single-particle basis in the case of NP degeneracies, which hinders us to utilize this approach for truncating the BBGKY hierarchy. For this reason, we stick to the symmetrized cluster expansion (19) and make it compatible (see Section IV B 3).
Finally, we briefly compare the above properties to the fermionic case (with fixed particle number N ). Here, the cumulant expansion is the appropriate approach since it ensures that Hartree-Fock states do not feature correlations [49] (whereas using the idempotent antisymmetrization operator and trace-one RDMs leads to correlations in this case). Analogously to the bosonic case, the cumulants turn out to be only contraction-free if the system is in a Hartree-Fock state. Yet surprisingly, the cumulants prove to be size-extensive [13, 101, 102] .
Recursive formulation of the compatible symmetrized cluster expansion
We now come back to the symmetrized cluster expansion (19) , make it compatible by means of a unitarily invariant decomposition [103] [104] [105] [106] and finally give a recursive formulation allowing for an efficient evaluation at high orders.
Apparently, the clusterĉō +1 defined by (19) contains information about the RDMs of lower order such that neglecting it violates compatibility. These important pieces of information can be identified by the so-called unitarily invariant decomposition (UID) of hermitian bosonic operators [105, 106] , which allows for uniquely decomposing any o-body operatorB o ∈ B o intoB o =B Analogously to [72, 73] dealing with fermions, we now define the (ō+1)-particle correlations which are neglected in the truncation approximation to be the irreducible, i.e. contraction-free component of the clusterĉō +1 of the expansion (19) (see [46] for an alternative approach for ensuring compatibility). If we abbreviate the approximation forρō +1 as induced by (19) byηō +1 :=ρō +1 −ĉō +1 , we obtain the following compatible closure approximationρ
Practically, this means that we have to calculate (i)ηō +1 , which equals the right-hand-side of (19) when neglecting the unknownĉō +1 , (ii) its contraction-free component η irr o+1 via the UID and (iii) the reducible componentρ red o+1 of the unknownρō +1 , which, however, depends only on its known partial traces, i.e. the RDMs which are propagated via the truncated BBGKY EOM.
In this way, the truncation approximation consists in replacing the exactρ irr o+1 byη irr o+1 . In passing, we note that the UID ensures only compatibility but not termwise compatibility as fulfilled by the alternative cluster expansion outlined in Appendix E. In contrast to this alternative cluster expansion however, the closure approximation (21) is invariant under unitary transformations of the SPFs as a consequence of the UID. Thus, the gauge invariance of the truncated EOM (5), (6) with respect to the constraint operator g ij is ensured by (21) .
In order to construct the closure approximation (21) also at high truncation ordersō, we finally state an efficient recursive algorithm for evaluating the clustersĉ o of the expansion (19) . The key idea here is to find computation rules for the different classes of expansion terms which are indicated in (19) by square brackets. If we define the one-body cluster byĉ 1 ≡ρ 1 , we can abbreviate the class of terms at order o which involves K different clusters, where the clusterĉ σr occurs n r -times (r = 1, ..., K), by the symbol
+ all distinguishable permutations of the particle labels Ŝ o ,
Here, we assume the ordering 0 < σ 1 < σ 2 < .... < σ K as well as n r > 0 for all r = 1, ..., K. Now we may express the clusterĉ o of the expansion (19) aŝ
As a matter of fact, this sum runs over as many symbols as there are integer partitions of the number o minus one, i.e. P (o) − 1 with P (·) denoting the partition function, such that we can use an algorithm which generates integer partitions for labeling the symbols of a given order. In appendix G, we prove the following two computation rules, which are sufficient for evaluating the symbol F n1,...,n K σ1,...,σ K in terms of the symbols of lower orders:
where again o = K r=1 n r σ r andĴ o2 o1 (·, ·) denotes the joining super-operator introduced in Appendix A. In our software implementation, we store for each symbolF n1,...,n K σ1,...,σ K at the order o the (integer-partition based) labels of the symbols of lower order that are needed for applying the respective computation rule. The required joining operations (A3) are implemented in a highly efficient manner by using the combinadic-number based labeling of bosonic number states [107] in combination with mapping tables [81] for easily addressing the label of the (o 1 + o 2 )-particle number state |a 1 + a 2 given the o 1 -particle number state |a 1 and the o 2 -particle number state |a 2 .
Having recursively calculated all clustersĉ o up to the truncation orderō, the (incompatible) auxiliary closure approximationηō +1 can be constructed, from which we finally obtain the compatible closure approximation (21) via the UID (see Eq. (F2)). This is how we truncate the BBGKY hierarchy in the numerical simulations of Section VI.
C. On the role of two-particle correlations for dynamical quantum depletion
After the above technical considerations on how to properly define and evaluate few-particle correlations for constructing a cluster expansion, we investigate here the impact of two-particle correlations on the 1-RDM natural populations λ (1) r , which is highly relevant for understanding the mechanisms underlying dynamical quantum depletion and fragmentation of Bose-Einstein condensates [18] . We address this problem from two perspectives.
First, we analyze the role of the irreducible component ρ into (6), we find the following
where the effective single-particle Hamiltonian readŝ
] andP 12 permutes the particle labels 1 and 2. So the coupling of a single atom being in the stateρ 1 to the remaining (N − 1) atoms via the collision integralÎ 1 (ρ 2 ) has a two-fold impact. While the reducible componentρ r (t). We note that this result does not depend on whether the RDMs are represented in the dynamically adapted MCTDHB SPF basis or with respect to some time-independent basis. It is only important that the single-particle basis is finite, which is a technical requirement for the UID [103] [104] [105] [106] .
Second, we explicate the EOM (12) for the NPs λ 
where we remind the reader about the definition f qp = (δ qp + 1)/2. Employing the hermiticity ofv 12 as well as [P 12 ,v 12 ] = 0, one easily verifies that the diagonal elements ρ 2 a,a do not contribute to the right hand side of Eq. (27) . As a result, the NP evolution can only be driven by the coherences ρ Besides being of conceptual interest, this insight has also consequences for truncation approximations. Truncating the BBGKY hierarchy at the first order using the recipe outlined in Section IV B 3 means using the following closure approximation
where the number-states are given with respect to the instantaneous NOs |φ r (t) are constant in time. Thus, when using the truncation scheme of Section IV B 3, the truncation orderō must be larger than one in order to account for dynamical quantum depletion (see also [88, 89, 91] for a similar discussion for the fermionic case).
Similarly, if the total system is in a multi-orbital meanfield state, i.e. a single permanent (cf. Eq. (E1) of Appendix E) or if one truncates the BBGKY hierarchy at orderō = 1 by means of the alternative cluster expansion outlined in Appendix E, the 2-RDM entering the right hand side of Eq. (27) is diagonal in the NO numberstate basis, leading again to stationary NPs [99] . Consequently, for a system being initially prepared in a single permanent (as in the case of two independent BECs discussed in Section IV B 2), a Taylor expansion of λ r (t) about t = 0 lacks the linear term. This is a consequence of |Ψ t being continuous in time, which requires a continuous admixture of further number-states 11 (with respect 11 As a side remark, this can be seen as a deeper reason for the fact to the instantaneous NOs) for having a well-defined finite time-derivative of λ (1) r .
V. RDM REPRESENTABILITY AND PURIFICATION STRATEGIES
While the BBGKY EOM truncated by virtue of the cluster expansion discussed in Section IV B 3 conserve the trace and compatibility of the RDMs, other properties of RDMs are not ensured. As we shall investigate in detail in Section VI, the initial RDM lose e.g. their positive semi-definiteness in the course of the time evolution due to the applied truncation approximation, which has also been observed in [69, 72] when truncating the BBGKY hierarchy for fermionic problems at order o = 2. In this Section, we first review important necessary representability conditions whichρ o has to fulfill in order to represent an o-RDM of a bosonic N -particle system. Thereafter, we discuss purification strategies for preventing representability defects in the solution of the truncated BBGKY EOM.
A. Necessary representability conditions
Besides being compatible and of unit trace, which shall be assumed in the following, there are further important necessary representability conditions on the o-RDM. For reviewing them, we assume the total N -particle system to be in some pure state |Ψ and follow the lines of [109] [110] [111] . Then one has Ψ|Â † oÂo |Ψ ≥ 0 for an arbitrary (not necessarily hermitian) polynomialÂ o of order o in the annihilation and creation operatorsâ ( †) r , e.g.
with the c (κ) 's being arbitrary complex numbers. Setting certain c (κ) 's to zero while allowing the remaining ones to take arbitrary values, the inequality Ψ|Â † oÂo |Ψ ≥ 0 implies the positive semi-definiteness of various matrices such as
|Ψ . By normal ordering, all these matrices can be expressed in terms of the o-RDM and RDMs of lower order such that the that the so-called time-dependent multi-orbital mean-field theory [98] has to rely on stationary occupations of the dynamically optimized orbitals.
required positive semi-definiteness of these matrices effectively induce necessary representability conditions for the RDMs. Fulfilling all these conditions implies that the Heisenberg uncertainty relation (Â − Â )
, with the expectation values being evaluated with respect toρ o , is fulfilled for any observablesÂ,B involving at most o/2 -body operators [110] . In contrast to this, violations of these conditions can imply an unphysical violation of the uncertainty relation between two such observables.
Since most observables of interest in the field of ultracold atoms involve at most two-body operators, we focus on representability conditions for the 1-and 2-RDM here. Whereas being positive semi-definite is necessary and sufficient for the representability ofρ 1 , the known necessary and sufficient representability conditions for the 2-RDM are not useful in practice [109] (see [111] , which deals with a model system, for an exception). Therefore, we consider here only the important necessary D-, Q-and G-condition for representability [13, 109] , which can be derived as outlined above. In the following, we assumeρ 1 to be representable. Then, the D-condition, i.e. the positive semi-definiteness of D 2 (i1,j1),(i2,j2) , directly implies the positive semi-definiteness of the twohole RDM Q 2 (i1,j1),(i2,j2) (the Q-condition) [111] . In contrast to this, the positivity of the one-particle-one- [111] . Thereby, the G-condition constitutes an independent representability requirement on the 2-RDM, which can be crucial as highlighted by the numerical results of e.g. [111] . Besides the D-condition, we, however, do not employ the above G-condition but its more restrictive original variant [109] , which demands the positive semi-definiteness of the following matrix
In contrast to [109] , however, we have included the normalization factor
, such that the eigenvalues ofρ 2 and K 2 (i1,j1),(i2,j2) attain comparable values. This K-condition 13 can be obtained by the above recipe by setting all c (κ) to zero except for c (3) ij and c (7) . Finally, we remark that violating the Kcondition can have severe impact on the predictions for 12 We note that this normalization factor is derived under the assumption of representability of the 2-RDM. Representability defects might lead to (slight) deviations from trace one. 13 Originally, this matrix was denoted as G in [109] , but in order to distinguish it from the one-particle-one-hole matrix we decided to use the letter K in this work.
density-density correlations being readily accessible in ultracold quantum gas experiments (see e.g. [112] ). Namely in this case, the positive semi-definiteness of the densityfluctuation covariance matrix
andψ(x) denoting the field operator, is not guaranteed (see Eq. (7.14) of [109] ).
B. Correction strategies
Since the truncated BBGKY EOM do not respect the above necessary representability constraints, we discuss here correction strategies. These strategies can be viewed as an attempt to approximately compensate that we neglectÎō(ĉ irr o+1 ) in the closure approximation (see Eq. (21)). First, we discuss how to correct the solution after propagating the truncated BBGKY EOM for a small time-step ∆t. Thereafter, we summarize a strategy for correcting the truncated BBGKY EOM themselves.
Purification of the solution
Originally designed for correcting a 2-RDM with slight representability defects in the context of contracted Schrödinger equations, the iterative purification scheme by Mazziotti [113] has been employed for correcting the truncated BBGKY EOM for electronic problems in [72] , which is known as dynamical purification. Since our approach relies partly on these concepts, we briefly review the main ideas of that dynamical purification scheme.
Assuming thatρ 2 (t) is representable, propagating the truncated BBGKY EOM for a fixed, small time-step ∆t results inρ 2 (t+∆t) which features a slight representability defect, i.e. slightly violates a necessary representability condition. In the following, we shall assume that its partial trace,ρ 1 (t + ∆t), is representable, i.e. positive semi-definite. Otherwise an appropriate purification scheme forρ 1 (t + ∆t) has to be applied and the reducible part [ρ 2 (t + ∆t)] red has to be updated accordingly [113] . Now the idea is to iteratively update the 2-RDM by adding a contraction-free correction termĈ 2 , i.e. ρ 2 (t + ∆t) →ρ 2 (t + ∆t) +Ĉ 2 , such that its partial trace remains invariant. The Mazziotti purification scheme relies on an ansatz forĈ 2 . Namely for correcting a lack of positive semi-definiteness ofρ 2 (t + ∆t), one assumeŝ
irr , where I denotes the set of indices of all NOs whose NPs λ
lie below a small negative threshold of e.g. = −10 −10 . The coefficients a i are determined such thatĈ 2 raises all negative NPs of ρ 2 (t + ∆t) to zero in first order perturbation theory, i.e. λ (2) i + φ 2 i |Ĉ 2 |φ 2 i = 0, which constitutes a system of linear equations for the a i 's. The ansatz forĈ 2 can simi-larly be extended 14 to also improve negative eigenvalues of G 2 (i1,j1),(i2,j2) [114] . The updated RDMρ 2 (t + ∆t) +Ĉ 2 may still violate a representability condition such that this update scheme has to be iterated.
While the dynamical purification based on the Mazziotti scheme has proven to be successful for the dynamics of electrons in atoms [72, 73] , it is not minimal invasive by construction and may violate energy conservation. For this reason, we liberate the above dynamical-purification scheme from its underlying ansatz for the correctionĈ 2 , which is determined by solving an optimization problem in this work. First, we note that updating the 2-RDM tô ρ 2 (t + ∆t) +Ĉ 2 also implies an update of the K-operator K 2 = i1,i2,j1,j2 K 2 (i1,j1),(i2,j2) |ϕ i1 ϕ j1 ϕ i2 ϕ j2 | toK 2 +∆ 2 due to the relationship betweenK 2 andD 2 . We explicate the operator∆ 2 in Appendix H where also all the details for the following purification scheme are provided. Now, we determine the updateĈ 2 by minimizing the p-norm < and (vi) raising negative eigenvalues ξ i ofK 2 below a threshold to zero in first order perturbation theory, ξ i + Ξ i |∆ 2 |Ξ i = 0 for all i with ξ i < , where |Ξ i denotes the eigenvector of K 2 corresponding to ξ i . Having solved this optimization problem, we judge whether the updated 2-RDM fulfills the D-and K-condition and iterate the updating procedure if necessary.
Specifically, we have performed numerical experiments on the 1-norm as well as the 2-norm (also called Frobenius norm). Mathematically, the case p = 1 leads to the so-called basis pursuit problem [115, 116] , which we solve by the linear-program solver SOPLEX of the SCIP optimization suite [117] . The case p = 2 results in a quadratic program, which we solve with Lagrange multipliers for the constraints. In our numerical simulations, however, we found that the 1-norm scheme has often a harder time to converge to a 2-RDM which respects the D-and the K-condition and results in a much more noisy time-evolution of e.g. the NPs λ (2) i , as compared to the Frobenius norm. This finding indicates that the correction operatorĈ 2 is not a sparse matrix (as favored by the 1-norm). For this reason, we only apply the p = 2 approach in Section VI.
This minimal-invasive dynamical purification scheme can conceptually be extended for also purifying higher order RDMs, which, however, becomes computationally harder because of the resulting higher-dimensional minimization problems. For simplicity, we use the optimization approach for the 2-RDM only and make the Mazziotti ansatz for achievingρ o ≥ 0 at orders o > 2. For putting purifications on different orders together, we purify the lowest order where a purification defect has been observed first, update accordingly the reducible part of the next order RDM and continue with their purification (if necessary), etc.
Finally, let us remark that asking for a (small) correctionĈ 2 which makes a given indefiniteρ 2 (t + ∆t) positive semi-definite constitutes a non-linear problem. Both the Mazziotti and our minimal invasive scheme replace this problem by a linear one (plus iteration) due to the requirement on the shift of eigenvalues in first order perturbation theory. Thereby, these two approaches are perturbative in some sense, which can hinder these iterative schemes to converge to a fixed point fulfilling the posed representability conditions as observed in Section VI. Therefore, we provide next a non-perturbative strategy aiming at correcting and stabilizing the truncated BBGKY EOM themselves.
Correction of the EOM
The central idea of this correction strategy is to allow slight representability defects in the RDM but modify its EOM in a minimal invasive way such that these defects are exponentially damped and the EOM thereby stabilized. As above, we first describe the correction strategy for the EOM of the 2-RDM with all technical details covered by Appendix I and then comment on an extension to the EOM of higher order RDM.
Let us abbreviate the EOM (6) for the o-RDM as follows ∂ t ρ o n,m = n|R o |m (note that the negative imaginary unit is absorbed inR o ). Our aim now is to correct R 2 byR 2 +Ĉ 2 such that negative eigenvalues ofρ 2 or K 2 are exponentially damped to zero. First, we note that a correction ofR 2 also implies a modification of the EOM forK 2 , which shall be denoted as ∂ t K 2 (i1,j1),(i2,j2) = ϕ i1 ϕ j1 |T 2 |ϕ i2 ϕ j2 , namely toT 2 →T 2 +∆ 2 . This is due to the relationship betweenK 2 andD 1 ,D 2 . In Appendix I, we explicate the respective expressions.
As for the RDM purification scheme discussed above, we determine theĈ 2 by minimizing the 2-norm (31) under certain linear constraints. (i) We demandĈ 2 to be hermitian because ofR † 2 =R 2 . (ii) The correction term shall be contraction-free, tr 1 (Ĉ 2 ) = 0, because the conservation of compatibility as ensured by our truncation approximation should not be affected by the EOM correction. Another way to motivate demand (ii) is to viewĈ 2 as an effective approximation of the neglected term −iÎ 2 (ĉ 
|Ξ r which is again set to −ηξ r given that ξ r < .
As in the case of the RDM purification, one can in principle extend this minimal-invasive correction scheme of the EOM also to higher orders, incorporating various necessary respresentability conditions (see e.g. [110] for the cases o = 3, 4). In this work, however, we only make the Mazziotti ansatzĈ o = i|λ
irr for orders o > 2 and determine the a i coefficients such that (v) is fulfilled. Again, the corrections of the EOM on different orders can be combined in a bottom-up approach by successively updating the reducible part of the righthand-side of the next-order EOM.
VI. APPLICATIONS
In the following, we apply the above methodological framework to two examples in order to analyze the accuracy and stability of this BBGKY approach in dependence on the truncation order. The scenarios involve tunneling dynamics in a double-well in Section VI A as well as interaction quenches in a harmonic trap in Section VI B, while details about the numerical integration of the truncated BBGKY EOM are given in Appendix K.
A. Tunneling dynamics in a Bose-Hubbard dimer
In this scenario, we assume that N bosonic atoms are loaded into an effectively one-dimensional double-well potential. Preparing the system in an initial state featuring a particle-number imbalance with a left and the right well allows for studying the tunneling dynamics of such a many-body system, which has been subject of numerous studies covering both mean-field [118, 119] and many-body calculations taking correlations into account [76, [120] [121] [122] [123] . Effects unraveled in such a realization of a bosonic Josephson junction cover macroscopic tunneling and self-trapping [118, 119, 124] as well a decay of tunneling oscillations due to the dephasing of populated many-body eigenstates of the post-quench Hamiltonian [76, [120] [121] [122] [123] .
For sufficiently deep wells, the microscopic many-body Hamiltonian of this system can be well approximated by a two-site Bose-Hubbard Hamiltonian within the lowestband tight-binding approximation
whereâ L/R annihilates a boson in the lowest-band Wannier state localized in the left/right well andn i ≡â † iâ i
denotes the corresponding occupation-number operator of the site i ∈ {L, R}. The first term in (32) describes tunneling between the two wells weighted with the hopping amplitude J > 0. The second term refers to on-site interaction of strength U and stems from the short-range van-der-Waals interaction between the atoms. For convenience, we take the hopping amplitude as our energy scale and state times in units of 1/J. The Bose-Hubbard dimer features an almost trivial computational complexity since the full many-body wavefunction depends only on C N 2 = N + 1 complexvalued coefficients such that the corresponding timedependent Schrödinger equation can be numerically exactly solved for very large atom numbers. So there is no need for an alternative computational approach here. On the other hand, this system can serve as a good playground for analyzing the properties of the truncated BBGKY approach because (i) the corresponding numerically exact solution is available and (ii) we can easily represent RDMs of large order without using a dynamically optimized truncated single-particle basis. This allows for systematically investigating the accuracy of our results solely in dependence on the truncation orderō.
In the following, we consider the initial state |Ψ 0 = |N, 0 with all atoms located in the left well and focus on the tunneling regime by setting the dimensionless interaction parameter Λ = U (N − 1)/(2J) to 0.1, i.e. well below the critical value Λ crit = 2 for self-trapping [118, 119] . In the weak interaction regime Λ 1, beyond mean-field effects such as the aforementioned collapse of tunneling oscillation [120] and the universal formation of a two-fold fragmented condensate out of a single condensate [122] are expected to play a significant role after the time-scale t mf ≈ √ 2N + 1/(JΛ), the so-called quantum break time [123] .
Most of the following calculations deal with N = 10 atoms such that t mf ≈ 46/J. For comparison, we also increase N to 100 atoms while keeping Λ constant, which We analyze the accuracy of the truncated BBGKY hierarchy approach in three steps. First, we inspect the particle-number imbalance, a highly-integrated quantity characterizing the tunneling dynamics, second turn to the eigenvalues of the lowest-order RDMs, which constitute a highly sensitive measure for correlations, and third compare the whole lowest order RDMs to the corresponding exact results. For a deeper interpretation of these findings, we thereafter analyze the exact results for the whole N -particle wavefunction as well as for the corresponding o-particle correlations. Finally, we investigate the performance of the correction strategies outlined in Section V B.
Particle-number imbalance
In order to study the tunneling dynamics, the imbalance of the particle numbers between the left and right well, [ n L − n R ]/N , is depicted in Figure 2 for N = 10 atoms. Focusing first on the inset, which shows the numerically exact results, we see the expected collapse of tunneling oscillations due to a dephasing of the populated post-quench Hamiltonian eigenstates. Indeed, this collapse happens on the time-scale t mf ≈ 46/J, while a corresponding Gross-Pitaevskii mean-field simulation (see inset of see that all truncation ordersō ≥ 2 give good results for the first ∼ 8 tunneling oscillations. Thereafter, thē o = 2 curves departs from both the exact and the higher truncation-order results, and features a premature maximal suppression of tunneling oscillations at t ∼ 50/J. In the subsequent premature revival of tunneling oscillations unphysical values | n L − n R |/N > 1 are reached at about t = 100/J, indicating a lack of 1-RDM representability.
These findings suggest that higher-order correlations thanĉ 2 play a significant role. Increasing the truncation orderō stepwise up to the maximally reasonable orderō = N − 1 = 9, we clearly see that the accuracy of our results improves systematically. The largerō is, the more accurate is the collapse of the tunneling oscillations described. However, all non-trivial truncationsō < N predict a premature revival of the tunneling oscillations, which goes hand and in hand with a maximal suppression of the tunneling-oscillation amplitude to small but noticeable values (while the exact results do not feature noticeable oscillations at the corresponding times). We note that for 2 <ō < 10 the simulations suffer from drastic instabilities of the EOM, being discussed in the subsequent Section, such that we had to stop them after a certain time. This is why the corresponding curves in Figure 2 are not provided for the whole range of depicted times.
Natural populations
Next we analyze the NPs of the 1-RDM in Figure 3 dynamical quantum depletion leading to a two-fold fragmented condensate for t 80/J with almost equal population of the corresponding NOs, λ
2 (see also e.g. [122] ). Strikingly fast oscillations in these NPs emerge and decay around t ∼ 140/J, which we can connect to the periodical emergence and decay of a NOON state of the total system (see below).
The corresponding results of the truncated BBGKY approach feature a similar dependence on the truncation orderō as the particle-number imbalance does. While theō = 2 prediction starts to deviate noticeably from the exact results already for t 25/J, we obtain trustworthy results for a longer time, the largerō is chosen. In particular, the truncated BBGKY approach can accurately determine the achieved mean degree of fragmentation (seeō = 8, 9 results at t ∼ 100/J). Even for the largest truncation orderō = 9, however, the truncated BBGKY simulations predict a premature and very fast revival of condensation (i.e. λ (1) 1 ≈ 1), while this process starts only after t ∼ 200/J in the exact calculation and happens more slowly (not shown). Most importantly, this unphysical fast re-condensation overshoots the range of valid NPs such that the 1-RDM ceases to be positive semi-definite, indicating an exponential-like instability of the EOM.
While we have so far only studied the prediction of the truncated BBGKY approach for one-particle properties, we now inspect the NPs of the 2-RDM in Figure 4 , also called natural geminal populations [22] . The exact dynamics (see the inset) features two important aspects, which we have also observed for the NPs of higher-order RDMs (not shown). (i) The dominant NP λ 
2 . Having observed the latter feature for the NPs of all orders o ∈ {1, ..., 9}, we may conclude that in this stage of the dynamics a subsystem of o particles occupies approximately only two o-particle states with almost equal probabilities. As we will see below, this finding is caused by the periodical emergence and decay of a NOON state of the total system which is discussed below.
Turning now to the predictions of the truncated BBGKY approach, we see again a systematic improvement of accuracy with increasing truncation orderō. The maximal time for which the highest truncation orderō = 9 gives reliable results, however, has reduced from t ∼ 110/J for the 1-RDM NPs (see Figure 3) to t ∼ 70/J for the 2-RDM NPs (see Figure 4) . Thereafter, the largest NP λ (2) 1 is well described until t ∼ 130/J, while the other two NPs already show strong deviations: it seems that the emergence of the feature (ii) discussed above happens premature, name at about t ∼ 120/J. Furthermore, we also witness the exponential-like instabilities leading to 2-RDM NPs outside the interval
In order to analyze how this unphysical behavior emerges, we depict the first time t neg (o) when the low-
o+1 is smaller than the threshold = −10 −10 for various o and different truncation ordersō in Figure 5 a). For fixed truncation orderō, t neg (o) decreases with increasing order o. This means that the representability defect ofρ o lacking positive semidefiniteness starts at the truncation order o =ō and propagates then successively to lower orders due to coupling via the collision integral. For most orders o, we moreover find that t neg (o) increases with increasing truncation orderō, which fits to the above findings regarding enhanced accuracy for largerō (exceptions occur at order o = 1, 2 in particular forō = 2).
Increasing the number of atoms to N = 100 while keeping the dimensionless interaction parameter Λ = 0.1 constant, we again find a monotonous decrease of t neg (o) with increasing o for fixed truncation orderō (see Figure  5 b) ). This confirms the above finding that the lack of positivity successively propagates from higher to lower orders. In contrast to the N = 10 case, we only find an enhancement of t neg (o) with increasingō for orders o ≥ 6. In particular, we see that the largest truncation order considered,ō = 12, features the smallest t neg (o = 2). It is quite possible that the an "enhancement" of non-linearity with increasing truncation orderō (note that the applied closure approximation, cf. Section IV B 3, is a polynomial of degree (ō + 1) inρ 1 and of degree (ō + 1)/o in the clusterĉ o ) is the reason why the BBGKY EOM are more prone to these instabilities for largerō.
Having compared so far only certain aspects of oparticle properties, we finally aim at comparing the prediction of the truncated BBGKY approach for the whole o-RDM to the exact results. 
Reduced density operators
For this purpose, we take the trace distance D(ρ and can be interpreted as the probability that these two quantum states can be distinguished by the outcome of a single measurement [125] .
In Figure 6 , we depict D(ρ o ) = 1 can at most occur numerically if the system gets deep into the exponential-like instability (where we observe the truncated BBGKY EOM to become stiff such that the integrator has a hard time). Thus, exceeding the upper bound on the trace distance is connected to a lack of positive semi-definiteness and can be observed to happen earlier for increasing order o and fixed truncation orderō.
For the case of N = 100 atoms (see Figure 6 b)), we observe the additional particularity that in the vicinity of t ∼ 63/J the accuracy of the truncated BBGKY prediction for the o-RDM does not depend on the truncation orderō, which happens slightly earlier for larger o. Before this point, a systematic increase of accuracy is observed for increasing truncation orderō. Thereafter, lower truncation orders give (slightly) better results than higher ones. Furthermore, while in the N = 10 case one-body properties (such as e.g. the particle-number imbalance) can be described with reasonable accuracy up to t ∼ 2 t mf (when the collapse of tunneling oscillations has already taken place), the instabilities hinders us to obtain accurate results for t larger than about 0.56 t mf in the case of N = 100 (at this time, the tunneling oscillation amplitude is still significant).
Many-body state and o-particle correlations: exact results
In order to obtain physical insights into the above findings, we finally come back to the numerically exact results for N = 10 and measure the strength of o-particle correlations in terms of ||ĉ o || 1 in Figure 7 a) . From the inset, we infer that the correlations initially build up in a hierarchical manner. First, only two-particle correlations start to play a role, then three-particle correlations and so on. This hierarchy in ||ĉ o || 1 holds, however, only until t ∼ 8/J, when the ordering of the ||ĉ o || 1 's with respect to the order o starts to become reversed. After a certain point, N -particle correlations become the most dominant ones. This holds in particular in the vicinity of t ∼ 140/J, where we have observed fast oscillations in the NPs λ For connecting the above findings regarding o-particle correlations to the full many-body state, we depict in the Subfigures 7 b) and c) the probability | N − n, n|Ψ t | 2 of finding n atoms in the right and (N − n) atoms in the left well. For the early dynamics, we witness how the system becomes delocalized in the Fock space such that the tunneling oscillations become suppressed (Sub- figure 7 b) ). At later times, around t ∼ 140/J, we, however, find the system to periodically oscillate between a NOON state (|N, 0 + e iθ |0, N )/ √ 2 (with some phase θ ∈ R) and some broad distribution being approximately symmetric with respect to its maximum at about n = 5 (Subfigure 7 c)). Due to this approximate symmetry of the distribution around n = 5, the particle-number imbalance approximately equals [ n L − n R ]/N ≈ 0.5, i.e. tunneling oscillations are still suppressed. This approximate symmetry moreover leads to a doubling of the oscillation frequency compared to the initial tunnelingoscillation frequency, which is most probably linked to the fast oscillations in λ (1) 1/2 . Finally, one can analytically show that the n-RDM of the above mentioned NOON state readsρ n = (|n, 0 n, 0| + |0, n 0, n|)/2, meaning that the state of an n-particle subsystem is an incoherent statistical mixture with all particles residing in the left (right) well with probability 0.5. Thereby, we can directly connect the fact that the RDMs of all orders feature approximately only two finite NPs of approximately equal value to the underlying many-body state. Coming back to the findings for ||ĉ o || 1 of Figure 7 a), we may conclude that a NOON state leads to strong high-order correlationsĉ o such that truncating the BBGKY hierarchy by means of the applied cluster expansion cannot be expected to give accurate results.
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In summary, we have seen following. (i) While the truncated BBGKY approach gives highly accurate results for short times with controllable accuracy via the truncation orderō, the BBGKY approach shows deviations at longer times. (ii) Exponential-like instabilities, induced by the non-linear truncation approximation, propagate form high to low orders and lead to unphysical results at a certain point. (iii) o-particle correlations arise very fast in this tunneling scenario and soon cease to be in decreasing order with respect to o. (iv) The system evolves into a NOON state being dominated by N -particle correlations.
There appear to be at least two plausible causes why the BBGKY approach fails at a certain point: First, the number of terms in the cluster expansion (23) drastically increases with the order o, which implies that clusters should decay fast for a controllable approximation. above,ō = 12, the truncation approximationρ appr 13 already involves 100 classes of terms. Our findings (iii) and (iv), however, might indicate that this system is not suitable for a truncation based on the o-particle correlations defined in Section IV B 3. Other truncation approximations might by more suitable.
Second, the exponential-like instabilities, being connected to a lack of representability, might be the main cause for the failure of the BBGKY EOM at longer times. This hypothesis is supported by the fast break-down of the BBGKY approach in the N = 100 case for the truncation orderō = 12.
For this reason, we analyze next the performance of the correction strategies outlined in Section V B.
Performance of the correction algorithms
In the following, we first focus on the correction algorithms applied to the BBGKY hierarchy truncated at o = 2. Thereafter, we comment on the performance of these algorithms if extended to larger truncation orders by means of a corresponding ansatz for the correction operator (see Section V B). Figure 8 depicts the time evolution of the NPs λ (2) i and theK 2 eigenvalues ξ i for the truncated BBGKY results without correction, with the iterative minimal invasive purification of the 2-RDM and with the minimal invasive correction of the 2-RDM EOM in comparison to the exact results. Apparently, all cases deviate significantly from the exact results after t 17/J so that we shall concentrate here solely on the stabilization performance of the correction algorithms.
Inspecting first the uncorrected results [ Figures 8 (a.1) , (a.2)], we observe that the K-condition (i.e.K 2 ≥ 0) diagnoses earlier a lack of representability compared to the D-condition (i.e.ρ 2 ≥ 0). For both operators, the falling of an eigenvalue below zero is accompanied by an avoided crossing which involves the next-larger eigenvalue (this is hardly visible in the case of theK 2 eigenvalue where the avoided crossing happens at about t ∼ 71.5/J). In fact, we have observed that level-repulsion "pushes" eigenvalues below zero in various other situations (see also Section VI B). Now turning to the minimal invasive correction algorithms based on the 2-norm minimization of the correction operatorĈ 2 , we set the threshold below which an eigenvalue is regarded as negative to −10 −10 . Let us first inspect the dimensionality of the optimization problem underlying both our purification algorithm of the 2-RDM and the correction algorithm of its EOM (see Appendix H for the details). The bosonic hermitian correction op- .2)]. Actually, after t = 86.5/J, the iterative purification algorithm fails to converge after the maximal number of 500 steps. Thus, this iterative scheme fails to prevent that smallest eigenvalue is pushed to negative values due to level repulsion.
In a certain sense, we may view the iterative purification algorithm of the 2-RDM as being based on a fixed stepsize as well as perturbative. In each iteration step namely, we updateρ 2 (t) →ρ 2 (t)+Ĉ 2 withĈ 2 shifting negative eigenvalues to zero in first-order perturbation theory. In the correction algorithm for the 2-RDM EOM, we effectively allow for variable update stepsizes by coupling the correction scheme to the integration of the EOM, i.e. to the employed integrator ZVODE [126] featuring adaptive stepsizes. Moreover, by imposing constraints on the time-derivative of negative eigenvalues, we realize a nonperturbative correction scheme. This can nicely be inferred from the insets of Figure  8 (c.1) and (c.2) showing a close-up of slightly negative eigenvalues. These are exponentially damped to zero, namely as e.g. ξ i (t + τ ) = ξ i (t) exp[−ητ ] for t and τ such that ξ i (t + τ ) < , with the chosen damping constant η = 10J. As a consequence, the truncated BBGKY EOM becomes stabilized and we have observed that the D-and K-representability condition are fulfilled to a good approximation for at least t ≤ 1000/J (times later than t = 150/J not shown in Figure 8 ). When enforcing negative eigenvalues to be damped to zero, one might fear that eigenvalues accumulate in the range [ , 0]. This, however, is not the case as shown in the insets of Figure 8 (c.1) and (c.2) because no constraint on the time-derivative of an eigenvalue is enforced if its value exceeds the threshold such that the (corrected) EOM may lift this eigenvalue above zero. We finally remark that the number of integrator steps per ∆t significantly increases in the vicinity of avoided crossings ofρ 2 orK 2 eigenvalues close to zero [see Figure 8 (d) ]. This finding confirms the non-perturbative, adaptive nature of the EOM correction algorithm and at the same time highlights the significance of controlling such avoided crossings for a successful stabilization of the truncated BBGKY EOM.
Without showing additional graphical illustrations, let us now briefly comment on the behavior of the correction algorithms for truncation ordersō > 2, using the Mazziotti ansatz [113] for the correction operatorsĈ o on orders o > 2 (see Section V B). Focusing first on the RDM purification, we have observed thatρō can be kept positive semi-definite up to a few tens 1/J longer (compared to the uncorrected case) before this iterative correction algorithm fails to converge after 500 steps. Due to the losing of positive semi-definiteness in decreasing sequence with respect to the RDM order (see Figure 5 ), we found forō ≥ 4 that alsoρō −1 ≥ 0 is valid for somewhat longer times compared to the uncorrected case. Unfortunately, however, this correction scheme fails to converge so early that it does not improve the timescale, on which the most important RDMs for making predictions for ultracold quantum gas experiments, namelyρ 1 andρ 2 , obey the considered representability conditions.
Extending the EOM correction scheme to higher truncation ordersō > 2 by means of the Mazziotti ansatz for the higher-order correction operators unfortunately proved to be quite unsuccessful. This failure manifests itself in an enormous increase of integrator steps per ∆t, i.e. the EOM becoming stiff, in combination with the quadratic optimization problem for determiningĈ 2 having no solution, i.e. constraints contradicting one another. Unfortunately, we cannot tell whether the latter is a fundamental problem or whether it is only induced by the EOM to become stiff due to an inappropriate ansatz of C o for o > 2, potentially leading to integration errors.
To sum up, while we can successively stabilize the BBGKY EOM truncated at orderō = 2 by enforcing the D-and K-representability condition via a minimal invasive correction of the 2-RDM EOM, the issue of higher-order correlations becoming dominant after a certain time remains unsolved in this example. Since this tunneling scenario might well be unsuitable for a closure approximation based on neglecting certain few-particle correlations, we now turn to an example, where a BEC becomes only slightly depleted in the course of the quantum dynamics.
B. Interaction-quench induced breathing dynamics of harmonically trapped bosons
In this application, we are concerned with collective excitations of N ultracold bosons confined to a quasi onedimensional harmonic trap. In harmonic oscillator units (HO units), the corresponding Hamiltonian readŝ where we model the short-range van-der-Waals interaction by the contact potential [27] of strength g. Initially, we assume all atoms to reside in the ground state of the single-particle Hamiltonian, i.e. a Gaussian orbital, which is the exact many-body ground state in the absence of interactions. Then, the interaction strength is instantaneously quenched to g = 0.2 such that the ideal BEC becomes slightly depleted and its density performs breathing oscillations, i.e. expands and contracts periodically. This so-called breathing mode has been investigated theoretically as well as experimentally in different settings (see e.g. [127] [128] [129] [130] [131] [132] [133] for single-component systems and e.g. [134] for mixtures), and measuring its frequency proves to be useful for characterizing the interaction regime [135] . Before we discuss the results of the truncated BBGKY approach, let us first inspect the results of MCTDHB simulations with m = 4 dynamically optimized SPFs, which we obtain by our implementation [81, 136, 137] . In fact, we find that the smallest natural population of the 1-RDM attains a maximal value of about 1.6 · 10 −3 , which provides a good indicator in praxis that the contribution of this orbital is almost negligible in the calculation. One could improve the accuracy further by increasing the number of SPFs, of course. Yet since we aim at benchmarking the truncated BBGKY approach, which can be viewed as an additional approximation to the MCTDHB approach, it is sufficient to take the MCT-DHB simulations with m = 4 SPFs as reference results. For representing the SPFs, a harmonic discrete variable representation [75, 138] with n = 256 (n = 320) grid points is employed for case of N = 10 (N = 30) particles.
In Figure 9 , we depict the time evolution of the reduced one-body density, i.e. the diagonal of the 1-RDM in position representation ρ 1 (x; t) = x|ρ 1 (t)|x , for N = 10 and N = 30 bosons. In both cases, we clearly see that the atomic density periodically expands and contracts. Since the interaction quench leads to a more than three times larger interaction energy per particle of the ensemble of N = 30 atoms compared to N = 10 (at t = 0), the density of the former expands much further into the outer parts of the trap. In contrast to this, the density of the N = 10 atom ensemble seems to stay Gaussian (with a time-dependent width) to a good approximation, indicating that we operate in the linear-response regime here. In both cases, the quench leads only to a slight quantum depletion of at most 3% (see below).
In the following, we first show that the truncated BBGKY approach leads to stable results in the N = 10 case, whose accuracy can be systematically improved by increasingō. Thereafter, we turn to the N = 30 case where we again encounter instabilities of the EOM and thus apply correction algorithms. We stress that for both cases we operate with m = 4 dynamically optimized SPFs, solving the truncated BBGKY EOM coupled to the MCTDHB EOM for the SPFs, which is in contrast to the Bose-Hubbard tunneling scenario of Section VI A.
Breathing dynamics of N = 10 bosons
In Figure 10 , we show the time-evolution of the 2-RDM NPs for various truncation orders. Focusing first on the MCTDHB results, we see that correlations (in the sense of deviations from a Gross-Pitaevskii mean-field state where on all orders o there is only one finite NP λ (o) 1 = 1 and all other NPs vanish) repeatedly emerge and decay. The deviations from the NP distribution of a Gross-Pitaevskii mean-field state is approximately most pronounced when the density is most spread-out and become almost negligible when the density has approximately recovered its initial width [see Figure 9 a)].
While the truncated BBGKY results forō = 2 feature significant deviations from the MCTDHB results, the results drastically improve when going toō = 3 and become practically indistinguishable from the MCTDHB results already at the truncation orderō = 4. Actually, convergence of the 1-RDM NPs λ zero. As in the case of the above tunneling scenario, we interpret this finding as "induced" by level repulsion. Upon increasing the truncation order, we see that the 2-RDM stays positive semi-definite on the considered timeinterval, which is a nice example for how increasing the accuracy of the closure approximation also stabilizes the truncated BBGKY EOM.
For a systematic comparison, we next compare the trace-class distance D(ρ Figure 11 a) . We remark that although the SPFs of the truncated BBGKY approach obey the same EOM (5) as the dynamically optimized SPFs of the MCTDHB method, we cannot expect these two sets of SPFs to coincide because the 1-and 2-RDM entering the SPF EOM differ in general, which has to be taken into account when calculating D(ρ tr o ,ρ ex o ). In stark contrast to the tunneling scenario, we see that the accuracy of the truncated BBGKY results for the 1-and 2-RDM systematically improves upon increasingō for all considered times.
Finally, we quantify the strength of few-particle correlations in terms of ||ĉ o || 1 , as extracted from theō = 7 calculation [see Figure 11 a)]. Here, we see that the correlations stay bounded on the considered time interval and are ordered in a clear hierarchy, i.e. ||ĉ o+1 || 1 (t) < ||ĉ o || 1 (t). Apparently, these are ideal working conditions for the truncated BBGKY approach.
Breathing dynamics of N = 30 bosons
Next, let us increase the quench-induced excitation energy per particle by more than a factor of three when going to N = 30 bosons and keeping the post-quench interaction strength g = 0.2 the same. Similarly to the tunneling scenario, we first inspect the natural populations, then compare lowest order RDMs and finally eval- uate the performance of the correction algorithms under discussion.
a. Natural populations In Figure 12 , we show the NPs of the 1-and 2-RDM for various truncation ordersō in comparison to the MCTDHB results. Similarly to the N = 10 case, we see how the NP distributions as obtained from MCTDHB oscillates between the characteristics of the Gross-Pitaevskii mean-field state and a (slightly) correlated one, which is approximately synchronized to the strongest contraction and expansion of the density, respectively [see Figure 9 b)]. In contrast to the former case, however, we can converge the NPs to the MCT-DHB results upon increasing the truncation orderō only for times t 5 HO units. For all considered truncation orders, we witness an exponential-like instability in the 2-RDM NPs resulting in large negative eigenvalues while the 1-RDM stays positive semi-definite for the considered time-span. Fixingō, we have observed also for this scenario that the lack of positive semi-definiteness of the o-RDMs happens in decreasing sequence with respect to the order o (not shown). Moreover, these instabilities in the 2-RDM NPs seem to be triggered by small positive NPs approaching zero from above, namely when the density approximately shrinks to its initial width, see e.g. Figure 12 (c.2) . Finally, we have observed for the casē o = 2 that increasing the number of SPFs from m = 4 to m = 8 slightly enhances the time-scale on which the instability of the 2-RDM NPs takes place (not shown). This finding is reasonable since the projector (1 −P), occurring in the SPF EOM (5), projects onto a smaller subspace when increasing m such that the impact of the non-linearity in the SPF EOM is effectively reduced.
b. Reduced density operators Comparing the BBGKY prediction for the complete 1-and 2-RDM with the corresponding MCTDHB results in terms of the trace-class distance in Figure 11 b) , we see that deviations emerge much faster as compared to the N = 10 case. At longer times, we also observe that the accuracy of the BBGKY results does not monotonously increase anymore with increasingō. Moreover, the above mentioned instabilities also partly manifest themselves in D(ρ tr 2 ,ρ ex 2 ) attaining unphysical values above unity. Finally, we also depict ||ĉ o || 1 as a measure for correlations in Figure 11 b) . While the correlations are hierarchically ordered in decreasing sequence with respect to the order o up to t ∼ 2.7 HO units, this ordering becomes reversed later on. This finding, however, is not conclusive, i.e. might be unphysical and related to the observed instability, since the values of ||ĉ o || 1 have been extracted from the BBGKY data withō = 7 (in contrast to the tunneling scenario where the numerically exactĉ o have been used).
At this point, we shall remark that we expect a much better agreement for the N = 30 case when quenching to much lower interaction strengths g 0.2 and thereby reducing the overall excitation energy.
c. Performance of the correction algorithms Here, we again focus mainly on the performance of the correction algorithms applied to theō = 2 BBGKY approach and comment later on larger truncation orders. In Figure 0 Otherwise, same parameters as in Figure 10 .
13, we depict the spectrum 15 ofK 2 as well as a close-up to the 2-RDM spectrum in the vicinity of zero for the uncorrected BBGKY approach, the minimal invasive RDM purification algorithm and the minimal invasive EOM correction algorithm. In the minimization problem underlying both correction algorithms, we have to find the optimalĈ 2 which depends on m 2 (m+1) 2 /4 = 100 real-valued parameters. Being contraction-free and energy conserving leads to m 2 + 1 = 17 constraints. Moreover,Ĉ 2 has to obey the parity symmetry of our problem imposing m 4 /8 + m 3 /4 = 48 further constraints (see Appendix H). Thereby, our system of linear constraints remains underdetermined as long as the number d of negativeρ 2 eigenvalues and number d of negativeK 2 eigenvalues obey
In Figure 13 , we see that the minimal-invasive RDM purification algorithm clearly suppresses significant negative eigenvalues until t ∼ 2.5 HO units. Thereafter, noticeably negative eigenvalue emerge but stay bounded from below until t ∼ 6 HO units when a drastic instability kicks in. Thus, this iterative algorithm soon fails to converge after the maximal number of 500 iteration 15 We note that theK 2 spectra at t = 0 in the tunneling and the interaction-quench scenario differ although the system is initially a fully condensed BEC in both cases (see Figures 8 and 13 ). This is due to the fact that theK 2 spectrum is sensitive to the total number of SPFs m even if not all of them are occupied.
steps. In order to understand the deeper reason of this failure, we have analyzed the spectrum of the updated operatorsρ 2 (t) + αĈ 2 andK 2 (t) + α∆ 2 for α ∈ [0, 1] and the first few iteration steps at such an instant in time (not shown). Thereby, we have found that while the tangent on a negative eigenvalue (with respect to α) indeed crosses zero as imposed by our constraints, level repulsion with other (in most cases negative) eigenvalues often hinders this negative eigenvalue to significantly move towards zero. We cannot rigorously prove that this is indeed the only mechanism for the breakdown of this iterative purification algorithm, of course.
Yet at least, this finding gives a useful hint why our non-perturbative, adaptive approach, the minimal invasive correction scheme of the 2-RDM EOM, gives very stable results [see Figure 13 (c.1) and (c.2) ]. Actually, we observe that the D-and K-conditions are fulfilled to a good approximation much longer, namely for at least t ≤ 36 HO unit (not shown). From Figure 13 (d) , we furthermore infer that the integrator variably adapts its step-size, but in contrast to the Bose-Hubbard tunneling scenario no systematic enhancement of integrator steps is observed whenρ 2 orK 2 eigenvalues avoid each other in the vicinity of zero. Apparently, the though stabilized result features noticeable deviations from the MCTDHB results for the respective eigenvalues. Yet, we find that the overall accuracy of theō = 2 results for the 1-and 2-RDM as measured by the trace-class distance is systematically improved for most times by correcting the 
2-RDM EOM, as one can infer from Figure 11 b).
In order to judge the accuracy of the EOM-corrected o = 2 simulation more descriptively, we depict the deviations of its prediction for the reduced one-body density from the MCTDHB results in Figure 14 . Note that this plot covers a longer time-span compared to the previous ones. As expected, we find that the deviations increase in time. Compared to the absolute values of the density, these deviations are, however, small and, most importantly, somewhat smaller than the deviations of corresponding Gross-Pitaevskii mean-field simulation from the m = 4 MCTDHB results (not shown). Finally, let us connect the errors in the one-body density to the errors measured by the trace-class distance D(ρ tr 1 ,ρ ex 1 ) as depicted in Figure 11 b). For this purpose, we note that the density at position x can be expressed as the expectation value of the one-body observableÂ 1 = |x x|. Thereby, we can estimate |ρ
, which is consistent with the results depicted in Figure 14 .
Going to higher truncation orders by making the Mazziotti ansatz for the corresponding higher-order correction operatorsĈ o unfortunately does not improve the BBGKY results, as already observed in the tunneling scenario. While the iterative RDM purification scheme fails to prevent the instabilities, we observe the same obstacle for the EOM correction algorithm as previously encountered, namely the optimization problem at order o = 2 lacking a solution (results not shown). Yet due to the very promising results of the EOM correction algorithm when truncating the BBGKY hierarchy at orderō = 2, we believe that extending the EOM correction algorithm to higher orders without employing the Mazziotti ansatz for the correction operator is a highly promising direction to go.
VII. CONCLUSIONS
In this exploratory work, we have developed a novel methodological framework for simulating the quantum dynamics of finite ultracold bosonic systems. Instead of solving the time-dependent Schrödinger equation for the complete many-body system, our goal is to truncate the BBGKY hierarchy of equations of motion in order to obtain a closed theory for the dynamics of the low-order reduced density operators (RDMs). Here, we focus in particular on an efficient formulation of the underlying theory, which allows us to systematically study the impact of the truncation order on the accuracy and stability of the numerical results.
For this reason, we do not derive the BBGKY equations of motion from the exact von-Neumann equation by partial tracing but take the well-established variational Multi-Configuration Time-Dependent Hartree method for Bosons (MCTDHB) [74] for ab-initio wavefunction propagation as our starting-point. Thereby, we use timedependent variationally optimized single-particle func- tions (SPFs) as a our truncated single-particle basis, while being still able to recover the exact results if we formally let the number of SPFs tend to infinity. By expanding the RDMs with respect to bosonic number states using the dynamically optimized SPFs as the underlying basis states, we obtain a highly efficient representation of these high-dimensional objects, which also leads to an efficient and compact formulation of the corresponding BBGKY equations of motion (EOM) in the second quantization picture. These EOM are coupled to the SPF EOM of the MCTDHB theory.
By a careful analysis, we show that this coupled system of EOM features all properties, which are known for the BBGKY hierarchy as derived from the von-Neumann equation of the total system. Although being deduced from the zero-temperature MCTDHB theory, we find that the derived EOM for the RDM are also variationally optimal in a certain sense if the total many-body system is in a mixed initial state, which opens a promising route for including low-temperature effects in the simulation of ultracold atoms. Thus, truncating this BBGKY hierarchy of EOM can be viewed as on the one hand introducing an additional approximation to the MCTDHB approach for simulating larger particle numbers with more SPFs and on the other hand as an extension of the zerotemperature MCTDHB theory to finite temperatures.
We truncate the hierarchy of BBGKY EOM by using a reconstruction functional for the unknown RDM ρō +1 whereō denotes the truncation order. While the commonly employed cluster (cumulant) expansion for truncating the BBGKY hierarchy for fermionic systems is very well suited for taking correlations on top of a Hartree-Fock state into account [10] , its corresponding bosonic variant has proven to be unfavorable for bosonic systems with a fixed number of particles since the correspondingly defined clusters diagnose that even an ideal Bose-Einstein condensate features few-particle correlations on all orders [50] . In this work, we cure this flaw by simply replacing the RDMs and symmetrization operators in this standard approach by the corresponding RDMs of unit trace and idempotent symmetrization operators, respectively. Since neglecting the complete clusterĉō +1 in the truncation approximation violates the compatibility to the lower order RDMs, we use the socalled unitarily invariant decomposition of bosonic operators [103] [104] [105] [106] for restoring compatibility, as pursued in [72, 73] for electronic systems. Thereby, we obtain a closure approximation which conserves the compatibility of the RDMs as well as energy, respects symmetries such as parity or translational invariance if existent and is unitarily invariant, i.e. gauge invariant with respect to the choice of the constraint operator of the MCTDHB theory. In contrast to the cluster expansion for fermionic systems, however, the employed cluster-expansion lacks size-extensitivity, i.e. testifies that two independent ideal Bose-Einstein condensates feature few-particle correlations stemming solely from the bosonic particle-exchange symmetry. Such correlations are physical, of course, but should not manifest themselves in the correlation definition on which a cluster expansion is build. Otherwise, truncating the expansion by neglecting clusters may imply neglecting correlations stemming from the bosonic symmetry. We show that this flaw can in principle be cured by minimal modifications of the cluster expansion, at the price, however, of losing the unitary invariance of the thereby defined correlations. For this reason, we do not apply these modifications to the truncation approximation in our numerical investigations.
Using appropriate super-operators and our bosonic number-state based framework, we derive two computational rules by means of which the clusters and thereby the closure approximation can be calculated highly efficiently for high orders in a recursive manner. This computational strategy allows us to go to truncation orders as high asō = 12, meaning that up to 12-particle correlations are taken into account.
We have applied the above methodological framework to two scenarios, namely the tunneling dynamics in a double well and the interaction-quench induced breathing dynamics in a harmonic trap, in order to investigate the accuracy and stability of the numerical results in dependence on the truncation order. In both applications, we have found that the short-time dynamics can be highly accurately described by the truncated BBGKY approach, where the accuracy of the results systematically improves with increasing truncation orderō. At longer times, the BBGKY gives also excellent results with controllable accuracy in the interaction-quench scenario for not too high excitation energies. However, severe deviations from the corresponding MCTDHB simulations occur at longer times in the tunneling scenario as well as for stronger interaction quenches. In these cases, the accuracy does not monotonously improve with increasing truncation order anymore and the truncated BBGKY EOM start to suffer from exponential instabilities, which lead to unphysical states. By inspecting the exact numerical results for the tunneling scenario, we find that few-particle correlations on all orders quickly play a significant role and eventually N -particle correlations dominate because the total system evolves into a NOON-state. This finding indicates that the long-time physics of this scenario prevents to use a truncation approximation which is based on neglecting (ō + 1)-particle correlations.
Nevertheless, it is important to clearly separate the stability properties of the truncated BBGKY EOM from accuracy issues because (i) it is not desirable to have a highly accurate theory which is exponentially unstable under slight e.g. numerical perturbations and (ii) also a not highly accurate truncation approximation may give useful, sufficiently accurate results for low-dimensional observables such as the density if the EOM are sufficiently stable. Thus we have analyzed these instabilities for the two scenarios in depth. Thereby, we have found that the instability sets in at the truncation order o and then propagates down to lower orders meaning that o-particle RDMs lack to be positive semi-definite in decreasing sequence with respect to the order o. The time until which the highest-order RDM,ρō, stays positive semi-definite only gradually increases with the truncation orderō, while the time when the lowest-order RDMs start lacking positivity decreases with increasing truncation order in some cases. This may be explained by the enhanced non-linearity of the closure approximation for higher truncation orders. Moreover, we have observed that the instabilities go often hand in hand with avoided crossings of RDM eigenvalues close to zero.
In order to stabilize the EOM, we have developed two novel minimal invasive and energy conserving correction algorithms: In our first attempt, we extend the dynamical purification algorithm [72, 73, 113] . Yet being based on a first-order perturbation theory argument, this algorithm cannot properly cope with the avoided crossings of the RDM eigenvalues in the vicinity of zero and thus fails to prevent the instabilities in our simulations. For this reason, we have developed a second, non-perturbative correction algorithm, which slightly alters the truncated BBGKY EOM such that negative RDM eigenvalues are exponentially damped to zero. We find that this approach indeed stabilizes the BBGKY EOM truncated at the second order and leads to reasonable long-time results for the interaction-quench scenario.
Besides these major methodological developments and their numerical evaluation, we have also proposed an imaginary-time relaxation approach for calculating the lowest order ground-state RDMs of some reference Hamiltonian such that they can be used as the initial state for the BBGKY hierarchy. Moreover, we have analytically shown that certain coherences in the contraction-free component of the 2-RDM are responsible for dynamical quantum depletion and fragmentation of Bose gases. Thereby, this exploratory work constitutes a major step forward to the treatment of correlated ultracold bosonic systems in terms of the truncated BBGKY hierarchy of EOM. In addition to the developed truncation approximation, we have presented numerous technical as well conceptual results, which are independent of the applied truncation approximation and as such also valuable for future works on closure approximations. In these regards, still open questions remain such as how to enforce size-extensitivity in the cluster definition while keeping its unitary invariance. Although our numerical simulations reveal challenges for long-time propagations in far-off equilibrium situations, our thorough analysis gives valuable hints for future research, namely (i) extending the highly successful EOM correction algorithm of Section V B 2 to higher orders without using the Mazziotti ansatz and (ii) research on closure approximations for bosonic system with a fixed number of particles, going beyond the paradigm of the cluster expansion. Finding novel closure approximations by machine-learning techniques might be a promising first step. In this appendix, we define important super-operators acting on bosonic few-particle operators such as the o-RDM. These super-operators are represented in the second-quantization picture such that they can be applied efficiently to e.g. the RDMs being represented as outlined in Section II C. While only the basic concepts are discussed here, important technical details are covered by Appendix B. In the following, let B o denote the set of all hermitian bosonic o-body operators, meaning eacĥ B o ∈ B o obeysP πBo =B oPπ =B o with the particlepermutation operatorP π corresponding to an arbitrary permutation π ∈ S(o) of the first o integers.
Partial traces
HavingB o expanded with respect to o-particle number states and using a mixed first and second quantization representation as outlined in Appendix B, the partial trace ofB o over one particle can be expressed as
An explicit formula for the right hand side of (A1) as well as for the corresponding generalization to the partial trace over k particles,
Raising and joining operations
In our formal framework, we also need -loosely speaking -the inverse of the partial trace, meaning an operation which raises an operatorB o ∈ B o to an (o + 1)-body operator by adding a particle in an undefined state, i.e. the unit-operator. This raising operation is accomplished by
In Appendix F, we comment on the precise relationship between the raising and the partial-trace operation in terms of Eq. (F1). For defining few-particle correlations in Section IV, we furthermore need a super-operator which joins two operatorsÂ o1 ∈ B o1 ,B o2 ∈ B o2 to a bosonic 16 Although the number of particles, o, occurs on the right hand side of Eq. (A1), we do not incorporate it in the symbol tr 1 for the partial trace since one may replace the factor 1/o in Eq. (A1) by the inverse of the operator (N + 1) with the total particlenumber operatorN = m r=1â † râr . 17 Similarly to Eq. (A1), the right hand side of (A2) does not explicitly depend on the number of particles since we may replace the right hand side byN −1 m r=1â † rBoâr (see also footnote 16). This expression is well-defined because the inverse of the total particle-number operator acts only on states with at least one particle.
where While an efficient representation of RDMs requires working with bosonic number states, which is a secondquantization concept, operations such as partial traces are most conveniently performed if individual particles can be addressed by particle labels, i.e. in a first quantization framework. Here, we provide formulas for bridging between these two perspectives, which finally allows for evaluating all expressions in the second quantization picture. Our starting-point is the well-known relationship between an o-particle Hartree product |ϕ j1 ...ϕ jo , in which n r particles reside in the SPF |ϕ r , and the corresponding bosonic number state |n (normalized to unity) with n = (n 1 , ..., n m ) encoding the respective occupation numbers
Here,Ŝ o refers to the idempotent o-particle symmetrization operatorŜ o = π∈S(o)P π /o! with the sum running over all particle permutations π andP π denoting the corresponding particle-exchange operator. After explicating the summation over all permutations of particle labels and renaming the summation index of the orbital in which the oth particle resides, we arrive at [81] 
where the super-indices of the ket-vectors indicate the particle-labels for the corresponding state and e r is an occupation number vector having vanishing elements except for the rth one being set to unity. In passing, we note that the stateâ r |n / √ o coincides with the so-called single-hole function of |n with respect to the rth SPF as used in e.g. [75, 81] . The second identity in (B2) can be used to prove and explicate the expression (A1) for the partial trace ofB o ∈ B o over one particle, given its representation n,m|o B o n,m |n m| By successively applying the steps leading to (B2) to the respectively occurring number states and using the identity (B1) for the resulting Hartree products, we may decompose an o-particle number state into a sum over products of (o − k)-particle and k-particle number states (k < o) associated with the "first" o − k and the "last" k particles
where
with the Heavyside function Θ defined by Θ(x) = 1 for x ≥ 0 and zero otherwise. The relation (B4) is a central technical result, on which the recursive formulation of the cluster expansion is founded (see Section IV B 3 and Appendix G).
Furthermore, this identity allows for efficiently evaluating the partial trace tr k (B o ) of a bosonic o-body operator B o over k particles (k < o). ExpandingB o with respect to number states |n , |m and inserting the decomposition (B4), one directly obtains the following expression
We note that this expression is meaningful also for k = o, resulting in tr o (B o ) = tr(B o ) |0 0| with |0 denoting the vacuum state. Besides, the above formula provides one way to derive the expression (3) for the o-RDM by setting o to the total number of atoms N , k to N − o andB N to |Ψ t Ψ t | and using the expansion (1).
Appendix C: Finite temperatures
Let us now show that and in which sense the EOM (5) together with the possibly truncated RDM EOM (6) result in an optimal SPF dynamics also for mixed initial N -particle states, given that the N -particle dynamics is unitary. This line of argumentation strongly resembles the considerations on an alternative to the socalled ρMCTDH type-2 method for simulating Lindblad master equations for distinguishable degrees of freedom in the limit of purely unitary dynamics, as discussed in [82] . Given the spectral representation of the initial statê
a unitary dynamics governed by the HamiltonianĤ leaves the probabilities λ 
where {|u r } denotes some fixed time-independent orthonormal basis of a C N m -dimensional auxiliary Hilbert space. This pure state is propagated according to i∂ t |Φ t =Ĥ ⊗1|Φ t and one exactly recovers the solution of the von-Neumann equation by taking the partial trace over the auxiliary space, i.e.ρ N (t) = tr aux (|Φ t Φ t |). Now one can expand each |φ N r (t) in the MCTDHB manner n|N A r n |n , where all states share the same set of SPFs, and minimize the action functional with the Lagrangian Φ t |(i∂ t −Ĥ ⊗ 1)|Φ t under orthonormality constraints on both the SPFs and the N -particle states |φ N r (t) . Thereby, one finds that the coefficients A Thereby, it is shown that the EOM (5), (6) applied to a mixed, e.g. thermal initial N -particle state also result in a well-defined variationally optimal dynamics, where the dynamical adaption of the SPFs is a compromise between an optimal representation of the various eigenvectors |φ N r (t) ofρ N (t). Here, eigenstates of higher probability λ (N ) r have a stronger impact on the SPF dynamics than weakly occupied eigenstates.
Appendix D: Propagation in negative imaginary time
The purpose of this appendix is to show how one can derive EOM for the RDMs in imaginary time which contract an initial guess to the ground-state RDMs. While the case of the N -RDM, i.e. the state of the full system, has already been addressed in Section III B 2, we illustrate the derivation by exemplarily inspecting the case of the 1-RDM.
Fixing the constraint operator to g ij = 0 here, we may write the MCTDHB EOM in imaginary time in the following compact form
Here,Ĥ 0 is defined via Eq. (7) with the constraintoperator g ij set to zero and with the HamiltonianĤ being replaced by the reference HamiltonianĤ 0 , whose ground-state RDMs shall be calculated. The term proportional to the energy expectation value E τ ≡ Ψ τ |Ĥ 0 |Ψ τ = Ψ τ |Ĥ 0 |Ψ τ ensures that the norm of |Ψ τ does not contract to zero but stays unity. In Eq. (D1), we have furthermore expanded the SPF notation: |φ r still refers to the dynamically adapted MCTDHB SPFs for r = 1, ..., m. For larger r, |φ r refers to an unoccupied, i.e. virtual orbital outside of the space spanned by the instantaneous SPFs. For the sake of concreteness, we assume the single-particle Hilbert space to be infinite dimensional, while in a numerical implementation r would be bounded from above by the number of timeindependent single-particle states used to represent the MCTDHB SPFs. Accordingly, we extend the notation of creation and annihilation operators also to the space of virtual orbitals. Finally, ∂ τ |ϕ j coincides with the negative of the right hand side of Eq. (5) withĝ set to zero. Now we can derive the corresponding EOM for the 1-RDM where we use the representation (2) for simplicity. When differentiating D 1 i,j = Ψ τ |â † jâ i |Ψ τ for i, j = 1, ..., m with respect to τ , we can make use for the fact ∂ τâ
for i = 1, ..., m, which is a consequence ofĝ = 0. Thereby, one obtains
InsertingĤ 0 into the right hand side and normal ordering under consideration of the permutation symmetry of both the occurring RDMs and v ijqp results in
Therefore, as in the case of a contracted Schrödinger equation [12, 13, 56, 58] , the dynamics of the 1-RDM couples to both the 2-and the 3-RDM. The EOM (D3) can be easily translated to the more compact representation of RDMs (3), of course. This derivation can be applied also for the EOM of higher-order RDMs, with the result that ∂ τ D o couples to both the (o + 1)-and the (o + 2)-RDM as well as to the 1-and 2-RDM by virtue of Eq. (D4). The latter coupling, however, can be transformed away by expressing E τ solely as a functional of D o , which is always possible for o ≥ 2 when using a truncation approximation which conserves the compatibility of the RDMs. As a starting-point for the truncation of the resulting hierarchy of EOM, one can try the various closure approximations derived for contracted Schrödinger equations [12, 13, 56, 58] .
Appendix E: An alternative cluster expansion for bosons
In this part of the appendix, we outline how to construct an alternative cluster expansion which is termwise compatible and has multi-orbital mean-field states as (approximately) correlation-free reference states. The latter is a desirable property that implies (approximate) size-extensitivity in the sense specified in Section IV B 2. First, we discuss how to appropriately modify the terms ⊗ o κ=1ρ
1Ŝ o of the expansion (19) . Then we exemplarily describe the modification of terms such as [ĉ (1, 2) 2ρ (3) 1 + ...]Ŝ 3 and finally a crucial mathematical subtlety is discussed.
For constructing this alternative cluster expansion, we first inspect the structure of the o-RDM given that the total system is in a multi-orbital mean-field state |Ψ MMF = |k . Tracing out (N − o) atoms by means of (B5), we obtain
which at first order boils down toρ MMF 1 = r kr N |r r|. The latter means that the NOs |φ 1 r coincide with the single-particle states underlying the permanent |k and that the NPs read λ (1) r ≡ k r /N . Now let us inspect why the cluster expansion (19) diagnoses few-particle correlations for |Ψ MMF . This means inspecting why the first term in the expansion (19) at order o deviates from the analytical result (E1). Using the spectral decomposition ofρ MMF 1 and the relationship between symmetrized Hartree products and permanents (B1), such a symmetrized product of 1-RDMs can be calculated as 
It is easy to see that the partial trace of (E4) equals (E4) with o replaced by (o − 1) implying that this class of terms in the alternative cluster expansion is termwise compatible indeed. Inserting λ
r ≡ k r /N into (E4), we see that (E4) coincides with (E1) up to 1/N corrections if o k r for all finite k r , i.e. in the case of a multiorbital mean-field state with only macroscopically occupied orbitals. Thus, size-extensitivity is approximately ensured. In passing, we note that the relationship between anti-symmetrized Hartree products and fermionic number states does not involve a state-dependent normalization factor, which might be the reasons why the anti-symmetrization of the cluster expansion (18) leads to size-extensitivity.
We further illustrate how to construct a termwise compatible cluster expansion by inspecting how the terms [ĉ (19) can be modified to obey termwise compatibility. Although termwise compatibility and (approximate) size-extensitivity are desirable properties which the cluster expansion (19) lacks, we do not employ this alternative approach for truncating the BBGKY hierarchy because the thereby defined clusters fail to be unitarily invariant in the case of NP degeneracies. Suppose that there are only two SPFs (m = 2) and that the NPs are degenerate, i.e. λ depends linearly on all partial partial traces ofB o . We stress here that all considerations regarding the UID rely on having a finite-dimensional single-particle Hilbert space, i.e. on m being finite [103] [104] [105] [106] . For the actual evaluation of (F2), we use the relationship between the k-fold raising operation and the joining operation as stated in Sect. A 2 together with Eq. (A3). 
Appendix H: Minimal invasive purification of the RDM
In this appendix, we show how one can translate the minimal-invasive purification scheme as outlined in Section V B 1 into a linear (quadratic) program when using the 1-norm (2-norm). The hermiticity of the correction operatorĈ 2 is incorporated in the following formalism by decomposing C Mapping the number states n, m to integer-valued indices I, J, we may decompose the 20 We note that this cost functional differs slightly from (31) because pairs of off-diagonal elements C 2 n,m , C 2 m,n enter |c|p only by a single representative off-diagonal element. We, however, do not expect that differences between (31) and |c|p have a severe impact on the purification scheme. (i) Let us translate the constraints ofĈ 2 being contraction-free. Due to hermiticity of φ i |tr 1 (Ĉ 2 )|φ j , we obtain m 2 independent constraints. Using the expression (A1) for the partial trace, we have set to zero as well as a i, covering the upper triangle of A r, I,J , respectively. Thereby, we obtain further m(m − 1) constraints, which amounts to m 2 constraints related to the partial trace ofĈ 2 in total.
(ii) Energy conservation can be easily formulated as a linear constraint. By means of the relation Ĥ t = N tr(k 2ρ2 ) with the auxiliary 2-particle Hamiltonian k 2 = [ĥ 1 +ĥ 2 + (N − 1)v 12 ]/2 [15] , we have to require tr(k 2Ĉ2 ) = 0. The latter boils down to tr(v 12Ĉ2 ) = 0 aŝ C 2 shall be contraction-free. Apparently, we have b r = 0 for this constraint. Using the cyclic invariance of the trace andĈ 2 being bosonic, we obtain tr(Ŝ 2v12Ŝ2Ĉ2 ) = 0, which allows for identifying O .
(iii) In the case of a symmetry such as invariance under parity or translation operations, we proceed as follows. We remind that the SPFs stay invariant under the corresponding symmetry operation,π 1 |φ j = exp(iθ j )|φ j with some real phase θ j (see Section IV A). Correspondingly, an o-particle number-state transforms asΠ o |n = exp[iθ(n)]|n with θ(n) = m j=1 n j θ j . Now we introduce the following equivalence relation between number states n ∼ m if θ(n) mod 2π = θ(m) mod 2π. Then the correction respects the symmetry if C 2 n,m = 0 for all n m. In order to construct the corresponding rows in A, we loop over all pairs of inequivalent number states f g whose corresponding integer labels I (for f ) and J (for g) obey I < J in order to avoid redundant constraints. For each such f , g, we set b r = 0 and O r m,n = δ m,g δ n,f . The latter constitutes a real-valued asymmetric matrix such that for each f g two independent constraints arise, affecting either C 
